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A B S T R A C T

This article is in continuation of previous work reported in Proulx (2013a, 2015a). It is part of a
wider research programme oriented toward scrutinizing the nature of the mathematical activity
generated in mental mathematics contexts about various mathematical themes (from numbers,
algebra, geometry, to statistics and functions). The main intention in this article is to study
solvers’ strategy processes in mental mathematics contexts for developing a better understanding
of what doing mental mathematics entails. This issue is first addressed through Nunes et al.
(1993) distinction between oral and written mathematics; and second through building on dis-
tinctions about solving processes outlined from the enactivist theory of cognition. These com-
bined conceptualizations are then reinvested empirically to analyze several examples and illus-
trations of strategies taken from mental mathematics studies. These analyses enable the drawing
out of issues of meaning-preservation, meaning-making, and good-enough as ways of under-
standing mental mathematics strategies and their specific space of mathematical exploration.

1. Introduction – what does mental mathematics entail?

Most, if not all, of the existing research literature defines mental mathematics somewhere in relation to Hazekamp’s (1986) long-
standing definition as the solving of mathematical tasks through mental processes without paper-and-pencil or other material aids
available. To this, one can add that there are frequently some time constraints to producing an answer, as well as the fact that
questions are often asked orally. It is thus mostly the environment for solving (e.g., time constraints, no paper-and-pencil or material
aids, questions asked orally) that appears to be defining what mental mathematics is and implies.

Insisting on the environment of solving is no doubt of significance, obviously, because one would be hard pressed to assert that
only mental mathematics practice engages solvers “mentally”: it would be easy to argue that most of the mathematics produced (in
classrooms, by mathematicians, by engineers in their workplace, etc.) has a “mental” dimension to it. Although of significance, this
view of mental mathematics in terms of environment says little, however, about what doing mental mathematics entails, that is,
about the kind of mathematics it produces, the nature of the mathematical activity solvers are engaged in, and so forth. This article
aims to investigate these issues.

It is often reported that the strategies used to solve mental mathematics problems differ from those usually referred to in a paper-
and-pencil context. Butlen and Pézard (1992), for example, report that the practice of mental mathematics can enable students to
develop new and economical ways of solving arithmetic problems that traditional paper-and-pencil contexts rarely afford, because
the latter are often focused on techniques that are too time-consuming for a mental mathematics context. These new and economical
ways of solving are said to open varied and alternative mathematical routes for handling concepts under study, as Alain (1932) said
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many years ago:

Mental mathematics represent a brilliant and new aspect of our teaching. The teacher and even the students constantly invent new
ways of going on without being mistaken. This sort of exercise is healthy for the spirit. (p. 81; my translation)

Others, like Lave (1988) or Threlfall (2002, 2009), have discussed the on-the-spot nature of mental mathematics, where strategies
are said to be developed and tailored for the problem at hand, and not prescripted or decided in advance of solving (see also Proulx,
2013a). This is discussed by Plunkett (1979), who refers to mental strategies as “fleeting, and often difficult to catch hold of”,
“variable, “active”, etc. (p. 3), which sensitizes one to the emergent production of strategies for this task, at that moment, in that
context, but also to their dynamical nature and vitality as mathematical processes. Referring to Plunkett’s work, Murphy (2004)
explains that mental mathematics strategies are seen as:

Invented ‘on the spot’ by the user for that calculation and may not even be remembered for future use […] mental strategies [are]
seen as ‘active’ as they are created by the user to suit the numbers involved. (pp. 3–4).

Based on her review of historical curricular documents in which the practice of mental mathematics was salient, Poirier (1990)
adopts similar views. She posits that mental mathematics strategies have their own processes, leading her to assert that they differ
from regular written work seen mostly as the application of known rules and procedures; raising the issue that mental mathematics
strategies and ways of solving are of a particular nature, one different from written processes that are usually the focus in paper-and-
pencil contexts. This idea is pushed even further in Reys et al. (1994) where it is asserted that mental mathematics strategies are more
than the mental application of algorithms and thus need not necessarily be linked to paper-and-pencil strategies, because each has its
own processes. Mental mathematics strategies are then discussed in terms of “higher-order thinking process[es] where the generation
of a strategy is as important as the execution of the strategy” (p. 12). Anghileri (2001) also adheres to this view, focusing on the
significance of the activity that doing mental mathematics implies, defining it as:

not the sole purpose in a calculation to find the answer, although this is not always made explicit to children. There is knowledge
and understanding to be gained through doing calculations that can initiate children into the world of mathematics, revealing the
patterns and relationships that will empower them to go on to more complex calculations, and that will be the basis for working
with more abstract higher mathematics. (p. 93)

It thus appears that mental mathematics contexts offer a different space for solvers to engage in, one in which they seem to
produce specific ways of solving, of a different nature from usual paper-and-pencil work. It is the intention in this article to in-
vestigate and conceptualize these issues related to mental mathematics strategies and ways of solving, to understand better what
doing mental mathematics implies, the sort of mathematics being produced within its activity and the nature of the mathematical
activity itself in which solvers are engaged when doing mental mathematics. Understanding the particularity of mental mathematics
strategies appears important for gaining a better understanding of how mental mathematics fits into, and can contribute to, the actual
mathematical education landscape, dominated mostly, if not entirely at times, by paper-and-pencil work.

These issues are first addressed conceptually, through Nunes, Schliemann, and Carraher’s (e.g. 1993) distinction between oral and
written mathematics, and second through conceptualizing mental mathematics solving processes within the enactivist theory of
cognition. These combined conceptualizations of mental mathematics are then addressed empirically through analyzing strategies
taken from mental mathematics studies, offering illustrative and concrete examples for scrutinizing the mathematical activity solvers
engage in when doing mental mathematics. In that sense, this paper is partly theoretical, offering a perspective for conceptualizing
about mental mathematics strategies, and partly empirical, using data from my own studies and the research literature to examine and
make sense of the conceptual issues highlighted.

2. Theoretical grounding

This research programme is interested in mental mathematics related to a variety of mathematical themes, including algebra and
geometry, and not just on numbers and arithmetic (see e.g., Proulx, 2013b, 2015a). However, because most work on mental
mathematics has been on numbers (often referred to as mental arithmetic or mental calculations), no definition of mental mathematics
that would encompass other mathematical objects appears explicitly in the literature. For Thompson (2009), mental calculations
represent only a subset of mental mathematics, and one can think of other possible subsets of it, like mental algebra, mental geometry,
mental statistics, mental functions, and so forth, hence fitting with this research work. Even if considered in terms of numbers and
mental arithmetic, most definitions relating to mental mathematics can be adapted and extended to other mathematical areas and
objects to help define it. Hazekamp’s (1986) above-mentioned definition as the solving of mathematical tasks through mental pro-
cesses without paper-and-pencil or other aids (and again to which one might add that questions are often asked orally and with
frequent time constraints) thus appears to be still fitting for mental mathematics seen in relation to a variety of themes. Hence, the
intention in this work is to investigate how students engage in strategies, and the nature of their mathematical activity, when they
have to solve mathematical tasks in mental mathematics environments. This is investigated theoretically in the following by con-
ceptualizing mental mathematics through oral mathematics, and then grounding it in enactivism as a posing|solving process.

2.1. Conceptualizing mental mathematics through oral mathematics

As mentioned, it is mostly the contextual features of the environment into which solvers are plunged that defines what mental
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mathematics is. Because of this focus on the general context into which solvers are immersed when doing mental mathematics, and its
usual contrast with paper-and-pencil work in schools, one way of conceptualizing mental mathematics is to relate it to Nunes et al.’s
(1993) distinction between oral and written mathematics.

In their seminal work on street mathematics, Nunes et al. argue that street mathematics and school mathematics are supported
and structured by different types of symbolic representations, mainly and respectively oral and written. Their investigation of both
forms led them to associate street mathematics closely with oral mathematics, and school mathematics with written mathematics.1

Nunes et al. use these associations as one source of explanations for the major difference in performance and forms of activity
undertaken by a variety of solvers on street-related and school-related tasks.

In addition to their difference in form (one being oral, the other written), they show through their scrutiny of each practice how
meaning is preserved in oral solving of mathematics problems. For example, faced with the computation 200 – 35, one student
answered orally: “If it were thirty, then the result would be seventy. But it is thirty-five. So it’s sixty-five; one hundred sixty-five” (Subject L, p.
41). They contrast these kinds of oral practices with written practices present in schools, where for the same task 200 – 35 one solver
underwent the same oral procedure after failed attempts at the school-prescribed algorithm. As a way of illustrating this contrast, the
following excerpt is taken in full directly from Nunes et al. (1993, p. 46, Subject R):

[The child writes 200 – 35 in vertical arrangement. Then he writes the result from units to tens to hundreds, computing out loud,
and obtaining 200 in the following way.]
R: Five, to get to zero, nothing. Three, to get to zero, nothing. Two, take away nothing, two.
Experimenter: Is it right?
R: No. So you buy something from me, and it costs thirty-five, you pay with a two-hundred-cruzeiro note and I give it back to you?
E: Do it again, then.
[R. writes down 200 – 35 in the same way, writes the result from units to tens to hundreds, counting aloud and obtaining 235 as
follows.]
R: Five, take away nothing, five. Three, take away zero, three. Two, take away nothing, two. Wrong again.
E: Why is it wrong again?
R: Now you buy something and its costs thirty-five. You give me two hundred and I give you two hundred, and thirty-five on top?
E: Do you know what the result is?
R: If it were to cost thirty, then I’d give you one seventy.
E: But it is thirty-five. Are you giving me a discount?
R: One hundred and sixty-five.

Focusing on the symbolic forms used in written mathematics and the application of learned standard rules and routines that are
applicable to a general class of problems, this situation, this contrast between oral and written mathematics, leads Nunes et al. to
assert that:

Street mathematics is oral and preserves much of the meaning of the situations at hand. Mathematical practice in school is written
and leaves out as much of the specifics of situations as possible in striving for generality. (p. 49)

From this, and in a way similar to how Hamilton (2007) asserts it, Nunes et al. explain how in written mathematics the solvers
often couched themselves in a role reminiscent of a detective, attempting to decipher through the problem which rule to apply for
solving it. Their written mathematics in that sense was aligned with a mechanical activity, focused on applying the right school-
prescribed routines and algorithms to solve problems. And, in this process, Nunes et al. show how meaning got lost behind their
application of a general procedure that brought in a lot of mistakes and confusion for these solvers because they applied these
procedures mechanically. In contrast, the oral mathematics practices were said to preserve meaning all through the computations and
solving of the task.2

There is even more. Street vendors showed that in their oral mathematics they not only preserved meaning, but also developed
meaning in the action of solving, through doing it, as it unfolded. Oral mathematics practices were not scripted, but enacted in the
midst of solving. For example, here is an example of how M., a 12-year-old in Grade-3, engaged with the following task:

Customer: How much is one coconut?
M.: Thirty-five.
Customer: I’d like ten. How much is that?
M.: [Pause] Three will be one hundred and five; with three more, that will be two hundred and ten. [Pause] three hundred and fifteen…I
think it is three hundred and fifty. (pp. 18–19)

In this example, the dynamicity of the solving process is of significance, as this oral mathematics strategy appeared as a meaning-
making endeavor itself, where sense was made through solving as it unfolded. In contrast to their written mathematics, where these

1 This is reminiscent of Richards (1991), who links school mathematics with journal mathematics.
2 This is, of course, not an argument against algorithms and written procedures per se, but mostly against how they are used in schools as a

mechanical device with rigid rules to follow and rote learn, which is how solvers in Nunes et al.’s study used them. There is indeed literature on the
learning of algorithms and procedures with and through meaning (see, e.g., Star & Stylianides, 2013), away from the mechanical and technical
endeavors that Nunes et al. are criticizing.
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same street solvers applied rules and algorithms mechanically, in their oral mathematics practices meaning was produced and
emerged out of the process of solving per se. On this dimension, Nunes et al. highlight the adapted nature of their oral mathematics
strategies, tailored to the problem under scrutiny, as well as varying at times for the same task and even for the same solver (which
supported the view that no algorithm was “applied” by solvers in the same sense as for the written endeavors). For example, some
computation problems were often addressed orally from left to right (from hundreds to units), and at other times these same numbers
were decomposed (57 became 52 and 5), or even grouped (as in the coconut example above), whereas at other times parts of numbers
were left out (like Subject L above where one 100 of the 200 is left aside in order to subtract first 35 from the other 100). These
adaptations in their oral strategies, and their variations from problem to problem, were not observed among solvers when they
engaged in written mathematics strategies.

Hence, in addition to the numerous mistakes that solvers made when using their school-prescribed written procedures, not only
were these written algorithms not adapted in relation to the problem at hand, but they remained and were maintained invariant
across problems having the same structure. This in itself is not necessarily problematic, because it is the strength of algorithms to
solve classes of problems, mostly independent of the numbers, problem or data used in them (see Bass, 2003; Lockhart, 2017). The
issue raised is mostly that when these solvers referred to school-based written procedures, this resulted in the mechanical application
of a series of pre-decided steps, one after the other, to obtain the answer. Done in this way, for Nunes et al., written mathematics was
related to conforming to a set of predefined norms and rules. Oral mathematics, on the other hand, transcended this by being much
freer and adaptive to the problem, numbers and data at hand.

Thus, in the oral mathematics practices reported on, mathematics was engaged in as a process, as something produced in the
action of solving, as a meaning-making endeavor. In contrast, for their written mathematics practices, such as the strategies engaged
by street vendors illustrated, this mathematical process was tamed, reified as rules, as a tool one searches for and attempts to use and
apply. Under this perspective, mathematics was no longer seen as much of an activity, but became a thing to apply: losing its
meaning-making endeavor of which their oral mathematics practices were constituted. Hence, one main distinction between oral and
written mathematics that comes out of Nunes et al.’s work is not only about meaning and its preservation in oral mathematics, but
also about making meaning in the process of solving, about preserving the meaning-making process, preserving meaning during the
mathematizing of situations.

This analysis of Nunes et al. in relation to oral mathematics as a dynamic activity that preserves and produces meaning in its
enactment appears fruitful for investigating the nature of the mathematical activity with/in which solvers engage when solving
mental mathematics tasks. Although it would be imprudent to generalize Nunes et al.’s results to any or all written work done in
schools (as it mainly relates to their studies and solvers, numerous as they were and from varied contexts), establishing links between
oral and mental mathematics is of theoretical interest. This is so, if only as mentioned, because of similarities in the environment into
which solvers are plunged in mental mathematics contexts (time constraints, no paper-and-pencil or material aids, questions asked
orally, etc.) and the usual contrast made with paper-and-pencil work in schools. This acts as a productive framing to conceptualize
mental mathematics strategies, one that is built upon in Section 3 to scrutinize concrete mental mathematics strategies. Before doing
this, as outlined in the following sub-sections, additional theoretical links can be established between oral and mental mathematics in
terms of the strategy processes with which solvers engage. These additional links are made through the enactivist theory of cognition,
which affords ways of grounding meaning-making and meaning-preservation in an encompassing theorization that conceives of
issues of “meaning” as the foundational cognitive event.

2.2. Conceptualizing mental mathematics strategies as posing|solving processes

An additional conceptualisation of mental mathematics concerns the solving processes engaged in when solving mental mathe-
matics tasks, enabling to theoretically ground issues of meaning-making and meaning-preservation. Most studies concerned with
analyzing students’ mental computation strategies are based on the assumption that has often been termed the “toolbox metaphor”
(or the “selection-then-execution” hypothesis, see Siegler, 1996). The toolbox metaphor implies that when solving a problem, stu-
dents choose a strategy (i.e., a tool) from a group of predetermined strategies they have acquired or created in the past (i.e., the
toolbox). The subsequent data analysis often becomes centered on outlining and cataloguing the various strategies used and, in turn,
instruction becomes a matter of explicitly teaching these strategies so that students use them appropriately.

Recently, however, the toolbox metaphor has been questioned by a number of researchers who illustrate that there is more to
solving mental computation tasks than the “simple” re-using of already predetermined strategies. Threlfall (2002, 2009) insists,
rather, on the organic emergence and contingency of strategies in function of the tasks and the solver (e.g., what the solver un-
derstands, prefers, knows, has previously experienced, has confidence in; see also Butlen & Pézard, 1990). He explains that strategies
vary as much as problems do, so decisions about the “right choice” or the “good method” to choose “cannot be arrived at in advance
of actually moving forward into calculating the problem” (Threlfall, 2002, p. 38). Lave’s (1988) situated cognition perspective is also
aligned with these views; she conceives of mental strategies as flexibly emergent responses, adapted and linked to a specific situation
as construed by the solver.

As a way of integrating and coherently conceptualizing this perspective about the emergence of strategies into an encompassing
framework, in Proulx (2013a) and Proulx and Maheux (2017) these ideas have been grounded in the enactivist theory of cognition
(based on the work of Maturana, 1987, 1988; Maturana & Varela, 1992; Varela, 1999; Varela, Thompson, & Rosch, 1991). Enactivism
has offered mathematics education researchers a means of conceptualizing solvers’ mathematical activity in terms of emergence,
adaptation and contingencies, by assigning prominent roles to meaning and meaning-making in the process of cognition, “conceived
fundamentally as meaning-generation” (Torrance, 2005, p. 358). By placing meaning and meaning making at the core of (the
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investigation of) cognition, enactivism enables theoretical grounding of the investigation and conceptualization of mental mathe-
matics strategies and processes through oral mathematics. By doing so, it also opens the way to dimensions complementing and
grounding issues of meaning-making and meaning-preservations, in particular in terms of posing|solving processes.

2.2.1. Enactivism, and solving processes
Enactivism is an encompassing term for a theory that theorizes about cognition from an evolutionary standpoint, couched in non-

linear thinking: cognition is not seen as following a pre-decided or scripted path, but mostly as unfolding contingently, where
meanings build on one another, combine, shape and get shaped through interactions, and so forth. A key notion in this evolutionary
thinking is that species fit with/in their environment, and are compatible with/in it; not representing the absolute species, but simply
a fitting one, adequate for the fluctuating circumstances of the moment. Fitting is not a static concept where the environment is
constant and only the species evolve and continue to adapt: the environment evolves, and the species evolve. Maturana and Varela
(1992) note that species and environment co-adapt to each other. In other words, each co-influences the other in the course of their
coupled evolution. Hence, the fit is seen in and of itself as evolving, where both co-evolve and experience a history together, tracing
that history together. This co-evolution is called structural coupling. It follows that the environment does not act as selector, nor does it
predetermine or cause evolution; rather, it is a “trigger” for species to evolve, much as species act as triggers in return for the
environment. Through this lens, a solver is considered as an organism that evolves with/in its environment in an adapted fashion:
his/her mathematical productions and ideas are not necessarily optimal, but are functional with/in a context, a problem, that is itself
evolving through its solving; what Reid (1996; Zack and Reid 2003, 2004) refers to as “good-enough”. In this sense, mathematical
meanings and strategies are not considered as existing a priori at the moment when they appear: they are the real-time emergent
products of interaction, of the meeting, of the solver and his/her environment, directly and continually influencing one another. As Di
Paolo, Rohde, and De Jaegher (2010, p. 39) contend, solvers participate in the generation of meaning through “engaging in trans-
formational and not merely informational interactions”: meaning-making is a product that arises from these interactions.

In addition, Maturana and Varela (1992) use the concept of structural determinism to explain that the organism’s reactions (i.e.,
meaning-makings) to a situation are determined by its structure (i.e., who they are, what their histories are), although such reactions
are triggered by the interaction with/in its evolving environment. Hence, it is claimed that reactions do not reside inside either the
organism or the trigger: they come from (and are dependent upon) the organism’s interaction with the trigger. Maturana and Varela
give the following (simplified) example: A car that hits a tree can be destroyed, whereas the same thing would not happen to an army
tank (note that the environment, the tree, is not static and is also affected by this interaction). Thus, if structural determinism is used
to explain (mental) mathematics solving processes, one can conceive of the solver’s answer/reaction/strategy as coming from,
emerging in, the interaction of the solver and the environment in which the solver is immersed (e.g. a mental mathematics task to
solve). This compels the consideration of the solver in interaction with the mathematical task as the unit of analysis of solving
processes.

If one accepts the concept of structural determinism, then one accepts that anything offered as a situation, a task, a comment, and
so forth, for students to explore, think about or learn is, at most, a trigger for the reaction/strategy that occurs. The student’s
explorations or strategies are oriented by his/her own understandings and meanings of these situations and tasks. Varela (1996;
Varela et al., 1991) explains these aspects of structural determinism in terms of the difference between problem-solving and problem-
posing. In a nutshell, for Varela (e.g., 1996) the notion of problem-solving is problematic, as it implies that problems are already in
the world, lying “out there” waiting to be solved, independent of solvers. In contrast, Varela explains that we specify the problems
that we encounter through the meanings we make of the world in which we live, which leads us to recognize things in specific ways.
Thus, we do not choose or take problems as if they were lying “out there”, objective and independent of our actions: we bring them
forth, we pose them, we are problem-posers:

The most important ability of all living cognition is precisely, to a large extent, to pose the relevant questions that emerge at each
moment of our life. They are not predefined but enacted, we bring them forth against a background, and the relevance criteria are
oriented by our common sense, always in a contextualized fashion. (1996, p. 91; my translation)

The problems that we encounter and the questions that we ask are thus as much a part of us as they are a part of our environment:
they emerge from our interaction with it, as we pose them. We are not acting on preexisting situations: our constant interaction with
the evolving environment creates the possible situations for us to act upon, through our sense-making activities (Torrance, 2005).
Hence, again, it is claimed that reactions to a task do not reside inside either the solver or the task: they emerge from the solver’s
interaction with the task, through posing this task. If one adheres to this perspective, one cannot assume, as René de Cotret (1999)
notes, that instructional properties are inherently present in the (mental mathematics) tasks offered and will determine learners’
reactions. Butlen and Pézard (1992), Heirdsfield and Cooper (2004), and Rezat (2011), have indeed shown the occasional futility in
mental mathematics of varying the type of problem or its didactic variables to encourage students to use specific strategies.3 Stra-
tegies emerge in the interaction of solver and task, both influenced by the posed task and determined by the solver’s experiences in
mental mathematics in solving similar and different problems: through his/her solving habits for similar or different tasks, his/her

3 This said, as was noted in Proulx (2013a), some tasks can be designed in a way that they are very constraining. And this, to the point that there is
almost an appearance of causing the student’s behaviour and of not leaving or opening much space of engagement. As well, as one reviewer noted,
tasks can be so designed as to strongly encourage the use of some strategies in favor of others. However, as Varela et al. (1991) explain, theoretically
this causation is to be seen strictly as an appearance, inferred after the fact by an external observer.
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successes in mathematics with specific approaches, his/her understanding of the tasks, and so forth.4

Mental mathematics strategies can thus be conceptualized as adapted responses, tailored to the tasks and emerging from inter-
action with them (Davis, 1995; Thom et al., 2009), dependent on or influenced by the task and its context, but determined by the
solver in accordance with his/her own complex histories and situations (Davis, Sumara, & Kieren, 1996). This leads to the devel-
opment of local ways of solving, emergent at the moment of solving, in relation to the posed task. (In this sense, the selection-then-
execution hypothesis is of a different order, and aligns better with Nunes et al.’s written procedures that are applied by solvers, couched
in a detective mode.)

These represent powerful theoretical distinctions because they offer an explanation that issues addressed and explored in mental
mathematics tasks are those that resonate with and emerge from students, although these are triggered by the task offered. Thus
students transform the mathematical tasks for themselves, making them their own (which is often different from the designer’s
intentions, as René de Cotret, 1999, says; in the same way that the 200 – 35 becomes a 100 – 30, then an implicit 70 – 5, and then a
100+65 to give 165). By doing this, students generate a strategy tailored, adapted, to the problem (they) posed.

2.2.2. Some examples of solving, leading to posing|solving issues
Some examples might help to develop a finer and more concrete theoretical sense of these strategy processes for mental

mathematics. Consider this first example, taken from a study on mental mathematics with adults (Osana & Proulx, 2018; Proulx,
Osana, Nadeau, & Adrien, 2013). For solving 741 – 75, Amy orally explained her mental computation strategy in the following way,
which was subsequently recorded on the board for the whole group to understand (see Fig. 1).

(a) 741 – 75 is like 700 – 75+41.
(b) 700 – 75 is like having 7 dollars and subtracting 3 quarters. I am left with $6.25. And, 6.25 is six-twenty-five, so I add 41 to 625.
(c) To do so, I do 5+1 is 6, 2+ 4 is 6, and I have 600, so 666.

Focusing on the nature of the strategy as emergent, but contingent on the task itself, one can argue that going for 700 is not a step
that came out of the blue, as it is related to the fact that 75 can be easily subtracted from 700 compared with, for example, 67, which
would be arguably more difficult. Attempting to take 67 from 700 would have likely produced another strategy altogether. Again, the
remaining steps taken by Amy could be seen as directly related to the task, or more precisely, as a function of the numbers (and in
relation to what the student can see as possibilities with those numbers). Furthermore, each step of Amy’s strategy can be seen as a
“new” task to solve, thus necessitating additional “ways in” that allow her to continue reasoning through it. Specifically, step (a) in
Amy’s strategy is a way to “enter” the task, the problem, and the outcome of this step (having to compute 700 – 75) places her in front
of another “problem to solve.” Again, she must find a way to continue and so opts for finding a money context ($7 minus 3 quarters)
to carry out the computation. The outcome leads Amy to another “obstacle” to overcome, which is to find a way to compute
625+41, leading to a strategy of splitting ones, tens, and hundreds to add like units. Amy’s strategy shows that solving 625+41
mentally is not “obvious” to everyone, but rather dependent on the unique characteristics of the solver, including her understandings
and ways of doing, in interaction with the task.

Of interest in Amy’s work is the fact that this precise strategy is generated for this task. Amy opted for splitting 741 into 700 and
41, and then subtracted 75 from the 700 (which relates well to the 200 – 35 oral strategy). Although fitting, this is likely not a
strategy Amy would have used if the work had been carried on with paper and pencil. In paper-and-pencil contexts, as Nunes et al.
also showed, students often resort to the standard algorithm, working their way through the task as they are accustomed, mostly
independent of the task given (e.g., here, its numbers, that they be 67, 48, 75 or else does not matter). Indeed, as mentioned,
algorithms are intentionally created and used to solve entire classes of problems, regardless of the specific quantities involved, and

Fig. 1. Amy’s presentation of her strategy on the board.

4 This does not mean that there is little, if any, point in trying to engineer instructional tasks and situations, but these can merely be intended to
occasion or encourage the emergence of certain interactions.
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their power is that they work every time (Bass, 2003; Lockhart, 2017). In contrast, as shown elsewhere (Proulx, 2013a,b), students’
first intention in a mental mathematics context is to find a way to enter the problem. That is, when the task 741 – 75 was given, Amy’s
first action or first “reaction with knowledge” (to use Threlfall’s, 2002, expression) was to find a way to solve it, to “find a way in”.

Consider this second example, taken from a research session in which a group of 12 undergraduates were given 20 seconds to
mentally solve x2–4=5 for x (see Proulx, 2013b). One of the solvers, Frank, explained how for him it first became a system-of-
equations task, as when one compares two expressions, y=x2–4 and y=5, in order to find for what value(s) of x will y be the same in
both. He then explained how this led him to think in terms of a Cartesian graph representation, from which he engaged in what might
be called a graphical work with a system of equations (which is very different from the symbol manipulation typical of algebraic work
for example). Then Frank explained thinking about his graphical representation mentally, picturing a line at y=5 on which he
imagined superimposing the curve y=x2–4 (Fig. 2a offers an illustration of what the student pictured mentally and then explained to
the group). Here, finding values for x can mean looking at intersection points. His next step was to mentally represent it in terms of
distances and translations, mentally moving down the parabola, which allowed him to identify the coordinates of the intersection
points, from which he mentally derived those of the previous configuration by equally translating the other parabola (again, Fig. 2b
offers an illustration of what the student pictured mentally). Paraphrasing his words: You translate y=x2 by 4 units down on the
vertical axis, which makes the 5 of the line y=5 become a 9 in terms of distances, so you need to obtain an image of 9 with the
function y=x2. That’s the square root of 9. And considering both branches of the parabola, one gets x=3 and x=–3.

The interrelation of posing and solving the task is of interest here in Frank’s strategy, giving a sense that each act of solving is
followed by a reposing, which calls for a new solving step, and so forth, in a dialogical manner. The solving of x2–4=5 as a system of
equations made emerge, posed, the task (x2–4= 5) as a system-of-equation task. Then, this posed system-of-equation task led to
considering its graph for solving it (and not only, e.g., its algebra). This again modified the context of the task itself, which became a
graphical-system-of-equation task, obviously influencing in return the type of solution obtained, which became about distances,
translations, and so forth. In this sense, not only does the posing and the solving continually follow and precede each other like two
feet moving in/for walking, the two dimensions emerge at the very same time, each being conditional on and for the other. This
interrelation as been conceptualized elsewhere (Proulx & Maheux, 2017) as the posing|solving of the task, where both posing and
solving are mutually constitutive of one another and interact in the unfolding of the solution. (The Sheffer stroke placed between
“posing” and “solving” in posing|solving emphasizes the dynamic relationship between the two dimensions and co-constitutive
aspects of each.). There is thus an ongoing loop of influence between the posing and the solving of the task, making the strategy
emerge on-the-spot, in the action of, through posing|solving the task.

2.2.3. From posing|solving to strategy paths
What both the Amy’s and Frank’s examples show are the various steps undertaken to solve a mental mathematics task. Each

solving step leads to a reformulation of the task to solve, requiring anew to find a way of entering the task to continue solving, and so
on. Thus, entering into the task is to make a step, and another, and those steps emerge in the solving. These solving steps are not
predetermined, but generated for solving, emerging from the interaction with the posed task. Threlfall (2002) resumes this mental
mathematics process as follows:

Fig. 2. a. The mental image of both curves. b. The translation of y= x2 toward y=x2–4.
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As a result of this interaction between noticing and knowledge each solution ‘method’ is in a sense unique to that case, and is
invented in the context of the particular calculation – although clearly influenced by experience. It is not learned as a general
approach and then applied to particular cases. The solution path taken may be interpreted later as being the result of a decision or
choice, and be called a ‘strategy’, but the labels are misleading. The ‘strategy’ (in the holistic sense of the entire solution path) is
not decided, it emerges. (p. 42)

The call for emergence by Threlfall, as explained elsewhere (Proulx, 2013a), is not that events happen randomly, but that
they are an enactment in-the-moment of interaction, of this “decision” process, through posing|solving the task. Strategies are
not predetermined, selected and then applied: they are constituted in-the-moment. And, once done, one can assert that a
“strategy” has emerged, but this strategy is an a posteriori gaze, an after-the-fact gaze, whereas all this happens in a seamless and
continuous flow, step by step, going forward in the posing|solving. Hence the strategy, as Threlfall’s calls it, is the entire solution
path engaged in through the posing|solving process.5 It is in this sense that the mental mathematics strategies generated by the
solver are contingent on the task posed, tailored to it, generated through it, and thus also emergent, developed on-the-spot when
posed; this is also, as mentioned above, how oral mathematics’ meaning-making and meaning-preservation dimensions get
constituted through solving.

The conceptualisation of strategies as posing|solving processes (in contrast with the selection-then-execution hypothesis) offers
theoretical means for investigating how strategies are produced in mental mathematics contexts through meaning-making and
meaning-preservation. This helps ground what doing mental mathematics implies, the kind of mathematics it produces and the
nature of the mathematical activity solvers are engaged in. Through this, enactivism helps underline the interconnectedness of oral
mathematics and mental mathematics processes, strengthening the concept of mental mathematics through oral mathematics’ di-
mensions.6 These issues are investigated empirically in the following through the presentation and analysis of strategies taken from
mental mathematics studies, taken as illustrative cases.

3. Investigating mathematical activity in mental mathematics

The distinction between oral mathematics (as meaning-making practices), and written mathematics (as related to following
school-prescribed fixed routines) offers ways of conceptualizing the mathematical activity in which solvers engage in mental
mathematics. In the following, both dimensions of meaning-preservation and meaning-making, now grounded in enactivism, are
illustrated through analyzing a variety of mental mathematics strategies coming from studies conducted in various classroom ses-
sions. The classroom organization of these sessions is always quite simple: students sit at their desks, the researcher offers tasks on the
board and gives students 15–20 seconds to solve them. Students are then asked to share and explain their strategies. The variety of
examples referred to, coming from diverse studies with diverse participants, aims to illustrate that these dimensions are pervasive in
the mental mathematics contexts investigated. The analysis then leads in return to outlining a third, but complementary dimensions
to meaning-making and meaning-preservation about these mental mathematics strategies. This third dimension is related to aspects
of temporality, discussed in terms of what Reid (1996; Zack & Reid, 2003, 2004) refers to as good-enough.

3.1. Meaning-preservation strategies: unearthing problem attributes through solving

The strategies engaged in by Amy to solve 741–75 and by Frank to solve x2–4=5 for x illustrate, as was made a point in relation
to oral mathematics, how meaning is preserved while solving. As Nunes et al. insisted, when enacting oral mathematics practices
solvers stay close to the data of the problem or task at hand (in their case, of quantities), offering ways of solving directly linked to
and using the data of the problem. Subtracting 35 from 200 engaged street vendors in working with the 35, at times splitting it as 25
and 10, as 30 and 5, etc., and to treat the 200 as a hundred plus a hundred or as the double of a hundred. Or again, the 57, in 252 – 57,
split in 52 and 5 to match the 52 of 252. The same is to be said of Amy, for example working her way with 700 as 7 dollars, and then
subtracting three quarters from it. These strategies contrasted with general algorithms of written mathematics, where the numbers of
the problem (be it a 117, a 51, or a x) do not matter and the method, the rule, or prescribed routine, is central. This issue of staying
close to the data of the problem is also strongly present in mental mathematics strategies, as solvers’ focus brings forth some attributes
of the problem that they pose|solve. The following examples of strategies are presented and analyzed along these lines, referring to
them as meaning-preservation strategies.

In one mental mathematics study, Grade-10 students had to solve a variety of statistical tasks (e.g., central tendencies, graphical
representations and interpretation, standard deviation; see Proulx, 2017). The strategies students engaged in are closely tied to the
numbers and information given in the problem, where students focus on aspects directly part of, characteristic to the problem; and
also often on aspects not typically paid attention to in regular paper-and-pencil work. For example, the following task was given to
students (inspired from À vos maths!, Chenelière éducation):

5 It is along Threlfall’s (2002) meaning that the expression “strategy” is used in this article, not as a fixed and reified entity, but as a path of solving,
in its totality that is being traced and represented through its diverse solving steps.
6 This is also why, as one reviewer mentioned, that through this mutual relationship between oral mathematics and mental mathematics and the

following analyses of strategies, issues of oral mathematics can themselves be informed in return by the mental mathematics conceptualizations
developed. This is however not probed into in this article.
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Here are four distributions:

(a) 41, 42, 44, 45;
(b) 41, 42, 43, 44, 45;
(c) 41, 42, 47;
(d) 40, 42, 44, 45.

Which distributions have the same mean?
To solve it, students scrutinized the values in each distribution in order to develop their solutions: some paid attention to the

closeness of numbers in each distribution, others noticed that values were mostly distributed “around” 43, others analyzed the
distance between each value, and so forth. Here is a small sample of the strategies engaged with (see Proulx, 2017 for more details):

Strategy Description

Strategy 1
Near values

Some students explained that data in A and D distributions are very close, almost identical, except for 40 and
41. So, their means are very close (some even asserting that this small difference had little impact on the
mean). Other students asserted that C and D have the same mean. They explained that C has one fewer data
than D, but that it is possible to make subtractions, for example 41-1, also to get 41 in D or to take out 47 to
give back to some of the other data in D. In this way, both distributions seem to have the same mean.

Strategy 2
Analysis of data and compensating

Some students asserted that B and C distributions have the same mean, because the 47 of C is equivalent and
compensates for data “43, 44, 45” of B to “pull it toward” the same mean. Other students said that
distributions A and C have the same mean. They explained that the C distribution has the biggest data values
of all distributions while also having the smallest number of data. And, that the total of distribution A is
bigger but needs to be divided by a larger number because it has more data.

Strategy 3
The tendencies of distributions

Some students explained that all distributions have mostly the same mean, because all data are similar, that
is, around 40, and thus the mean is around 40 for all.

Strategy 4
Discarding the 40 s

Some students explained having paid attention only to the number units in each data of the distribution,
because the value of 40 could be taken out of each datum. They then added the units and divided them by the
number of data, obtaining the same mean for A and B.

Strategy 5
Balance

Some students mentioned that A and B have the same mean, which is 43. They explained that in distribution
A the data are ordered. And, that on one side there is 41 and 42 with one of difference in between, and that
on the other side there is 44 and 45, also with a difference of one in between. And these numbers are before
and after 43. In the case of B, it is the same thing but 43 is also part of the distribution, as the number in the
middle.

A first assessment of these strategies is that they are not simply about calculations, but about scrutinizing the entire distribution
and analyzing the data in each, as well as the relation between each data set, and between distributions: students stay close to the
problem, preserving the meaning of the problem and its data as they pose|solve it. These strategies arise out, and are expressions of
their efforts to make sense of the data of the problem, to consider what is the nature of this data, in order to analyze the distribution as
a whole (timewise, solvers have little other choice). Hence, the arithmetic means obtained are more than simple numbers obtained
through a calculation: at times, it is an order of magnitude that represents the data in the distribution offering a view of its central
tendency—without actually calculating it—and at other times it is an exact (or almost exact) number that is not obtained by cal-
culations, but by reasoning on the actual data (compensating, subtracting, discarding unneeded information, etc.).

In this sense, these are far from purely arithmetic exercises found in schools, as Gattuso (1997) critiques, where the arithmetic
mean is often treated as a calculational labor of adding and dividing. In the case of these strategies, students enter into a statistical
endeavor focused on analyzing the data and inferring from them: something at the core of statistical work (Vermette, 2017). In these
strategies, more than calculations are looked into: they are about analyzing the entire distribution as well as considering it as a whole,
about transforming the data and assessing the impact of these transformations, about establishing resemblance between various
distributions (actual or thought about), and so forth. Hence, each strategy is more than a mere mechanical exercise in calculations
that one couches on paper: it is about statistical thinking, about statistical meaning.

The strategy, e.g., about discarding the 40 s is a good example of how students stayed close to and worked with the data in the
problem, because this strategy would hardly have been proposed for a distribution not having all data in the forties (e.g., “24, 37, 48,
51”). Here, the 40 as much as each digit is considered in the solving (the 40 being in the background to make the strategy possible,
the units in the foreground). In contrast, the regular algorithm that requires one to add the values and divide by the number of data
entered does not distinguish between values of 24 and 42 in the process. This again is not a critique of the usual algorithm, but mostly
an illustration of how close to data the strategies were, as meaning is preserved throughout the solving in the engagement with these
mental mathematics strategies, like in oral mathematics strategies.

This closeness to data can also elicit an attention to elements of the problem that are normally kept hidden but that the pre-
servation of meaning process make salient. In another mental mathematics study (see Proulx, 2015b), adult solvers (teachers,
pedagogical advisors, interns) had to solve system of equations task (some written algebraically, others graphically). For some of
these tasks, a system of equations was written on the board for participants to solve mentally, and then at the signal they had to draw
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their answer on a sheet of paper displaying a Cartesian graph (with y=x written on it as a referent; Fig. 3).
One of these tasks required participants to solve the system “ =y x and = +y x 2”. The strategies engaged in paid close attention

to elements in the equations, using them directly to provide an answer. For example, here are two of these strategies:

Strategy A. To solve this system, one participant focused on the fact that both lines would normally cross at (0,0) if the second
equation were =y x . But then, paying attention to the fact that the second equation was not “ =y x and thus had a y-intercept
of 2, “I lifted it up”. Thus, the answer was elevated by 2 on the y-axis, giving (0,2) as an answer. [This said, the answer (0,2) was
not seen as the y-intercept itself, even if it is the y-intercept for = +y x 2, but mainly as an elevation of the “initial” intersection
point (0,0) toward the “new” one at (0,2).]
Strategy B. Similar as for Strategy A, the 2 of y-intercept played an important role in determining the intersection point in Strategy
B. This time it influenced the position of the line y=–x+2, seen first as y=–x, which had to be translated of 2 above. Thus,
moving the line 2 above placed the intersection point higher than (0,0) in the graph, “in that area” at the right of the y-axis, “but I
did not had any precise value for it”. [The point was placed somehow mid-space between (0,2) and (1,1), without however aiming
for any precise point.]

Of interest in these strategies is that the focus paid to the “2” raises attention to the impact of the y-intercept on the intersection
point. By comparing with y=-x, crossing the y= x at (0,0), the +2 had to play a role in the answer obtained and hence needed to be
considered in the strategy. For other strategies (not presented here), it was the minus sign in = +y x 2 that was said to play a role,
giving the line a negative slope and thus making it automatically crossing the y= x which had a positive slope.

Even if solvers give an answer that is not fully adequate mathematically, these strategies have something interesting to offer and
can be related to the global reading of the equations (Bednarz & Janvier, 1992). In particular, these strategies are quite far removed
from the usual algebraic manipulations that one would normally use to solve the system. When solving algebraically, for example, in
a paper-and-pencil context, the presence of the 2 in the second equation, the y-intercept, is not often given much consideration or
seen as important as it is simply a 2, the number 2, that is manipulated to find the value of x or y for solving the system (e.g., if the
equation had been y=−x+15, this could have made no difference at the algebraic level with paper-and-pencil, whereas it could
have for mental mathematics because it might transform the task, making it quite different and where the impact of the 15 would
have to be tampered with7). Hence, in algebraic manipulations, this 2 is not necessarily related to a 2 as the y-intercept, and the
answer obtained is not directly considered as being influenced by this 2; any more than would a negative sign affecting the x in the
second equation (in algebraic manipulations, this negative sign affects an x, without necessarily signifying a negative slope). But in
Strategies A and B, this 2 is the geometric y-intercept and not simply a number to manipulate as part of a string of such (which would
often be the case in a paper-and-pencil version of this task) and does not necessarily carry such a meaning. Hence, considerations of
the 2 are not related to the mechanics of manipulating algebraically, but are for reflecting and thinking about the answer, the
geometric point of intersection of both lines.

Thus, even if these two strategies do not offer the “right” answer, one finds that the equation is studied by the solver, and its
attributes are considered and evaluated for finding something in it, for reading it so that it speaks differently than just algebraic
symbols that need to be mingled with. In this sense, these strategies entail attending to the minus sign affecting the x, or the 2 in the
second equation, which makes the equation differ from those that do not have a 2 (e.g. y=−x). These strategies offer a focus on
differences in equations that make a difference for determining the solution: solvers pose|solve the equation, where the same
equation is transformed in the process, making it different from an algebraic view of it. Because of time constraints, the effect of the 2
made the participants decide on an intersection that was geometrically about that 2. As obvious as the effect of these parameters may
be, or not, these are seldom paid attention to when solving systems of equations.8 These construed attributes by the solver are part of
the problem to pose|solve, and do not represent general steps required to take for solving a system of equations: these strategies stay

Fig. 3. The Cartesian graph, with the y= x as a reference line, used to report on the solution.

7 This example was suggested to me by Andres Buchter in a conversation following the presentation of these strategies at the University of
Duisburg-Essen, Germany, in February 2016.
8 It can lead to wonder, e.g., what would be the effect of the parameter 1 if the equation had been y=x+1: for y=x the values of x have to be the

same as y if the system is to have a solution, but for y=x+1, y would have to be 1 more than the value of x if the system is to have a solution.
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close to the data (quantities, signs, forms, etc.), keeping them in the process of solving, hence preserving meaning throughout the
posing|solving.

3.2. Meaning-making strategies: storytelling and laying down a path in walking

As with the oral strategies of Nunes et al., through this alignment and closeness to data while solving, meaning is not only
preserved in mental mathematics strategies, but also produced-in-the-making. One way of honing in on the meaning-making aspect,
through enactivism’s sensibility toward emergence, is to consider the enactment of these strategies as the telling of a story. As
developed elsewhere (Proulx, 2013a,b), time constraints and the absence of material aids force the solver in mental mathematics to
find a way into the task: it creates a need to grasp something, to draw out aspects of significance for solving the problem. Hence,
through this, solvers engage in a form of solving-in-action, that is, as much a solving process as the production of the solution itself: one
advances on-the-spot on the solving of the problem, as one is solving the very problem, as a posing|solving account. There is a
continual articulation between making sense of the problem and using this sense to continue pursuing its posing|solving. Hence, the
posing|solving is kept close to the problem (meaning-preservation part) and also made sense of (meaning-making part). Mental
mathematics strategies can be read along that line, where a story is told in the making. Following are some examples.

In the mental mathematics study mentioned above (Proulx, 2015b), one of the systems of equations to solve was = +y x8 5 and
+ =x y18 3 9, given algebraically on the board. One participant approximated the value of the slope 8 as being close to 9 and

thus close to 3xwith 5 as the y-intercept. For the second equation, the solver mistook the slope to be negative rather than positive, but
considered the y-intercept as being 3 (by dividing 9 by 3) and thus the solution in y as being between 3 and 5 in the 2nd quadrant. For
this participant, the intersection could not be lower than 3 in y, because it would then be in the 1st quadrant, which is impossible
because in that quadrant the other equation “starts” at 5 in y (with its y-intercept being at 5). Thus by being a negative slope that has
a y-intercept of 3, he explains that lines had to intersect in the 2nd quadrant and between 3 and 5. In this example, the meaning
produced from the system of equations is vibrant, continually unfolding as the solving unfolds: posing the task produces meaning,
which drives the process of solving, and so on. This strategy focused on visualizing the lines represents specific ways of managing the
solving of the system, performing a fine analysis in action of the equation combined with a geometrical view of the lines for solving it.
It offers a way into the system, by visualizing it, but mostly by making sense of how it works and where and how the solution can
emerge through this: it is offering an account, a story for solving. The analysis of the equation generates some information in the
equation as significant for solving the system: something unusual in a paper-and-pencil algebraic manipulations context.

In another mental mathematics study, Grade-8 students had to solve a variety of algebraic equations of the form Ax+B=C, Ax
+B=Cx+D, Ax/B=C/D (see Proulx, Lavallée-Lamarche, & Tremblay, 2017). For example, for solving the equation =x2

5
1
2 for x,

students produced the following strategies:

Transforming to equivalent fractions and decimals. One student explained transforming ½ into 10/20, making the ½ divided by 2/5
simpler, then repeating the same thing for 2/5 to obtain =x20

50
10
20 . He explained this to be equivalent to 0.4x=0.5 and thus the

response is x=0.5/0.4.

Inversing and transforming to decimals. One student explained inversing the equation to =x 25
2 , then transforming it in decimals to

obtain 2.5x=2, and dividing by 2 got 1.25x=1 so that x=1.25.

Cross multiplying. After reformulating the equation as =x2
5

1
2 , one student explained having cross multiplied, where 5 times ½ gave

2x=2.5 and thus x=1.25.

Halving. One student explained that half of 5 is 2.5, but here it is 2 over 5 and not 2.5. Because one looks for ½, x has to be 1.25 so
that 2 multiplied by x gives 2.5.

Finding a scalar. One student explained looking for the value of x that would make 2/5 equal to ½. Placing fractions over 10, he
explained that x is 1.25 because 4 times 1.25 is 5 and 5/10=½.

Finding common denominator and adding. One student explained placing fractions over 10, obtaining =x4
10

5
10 . Subtracting 4/10

and 5/10 gave –1/10, so then x is worth 1/10.

All these solution paths, and their underlying solving steps, are not necessarily adequate or standard, but illustrate an emergent
solving process geared toward finding a value for x that satisfies the equality. Through these examples of solution paths emerges a
diversity of solving steps, of entries for solving. As mentioned, the “mental” dimension provokes the search for an entry point, a way
of posing, of getting in, of making a step. The solving context is thus created by the solver, producing an adapted way of entering into
the problem, which is translated into, and manifested in, a variety of solution paths for solving the “same” equation. The diversity of
solution paths illustrates well how the various ways of posing the task led to varied ways of solving by solvers, hence diverse
strategies or solution paths. These posing|solving transform that “same” equation, which is differently contextualized or posed
differently from one solver to the next as each develops his/her own ways of posing|solving. Each solver comes up with his/her own
version, his/her own equation to solve. In other words, the “same” equation gives rise to the emergence of a variety of posing and
solving, which leads to the development of a variety of strategies. And being different strategies, they become different stories.

This illustrates a story that unfolds in the making, producing the strategy itself along the way. It makes strategies a sort of
storytelling, where a story is not known in advance but is created as it goes by, as it is told as a story. This relates to Caracciolo’s
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(2012) enactivist account on the relationship of meaning-making and storytelling practices. For Caracciolo, storytelling is a meaning-
making endeavor, where the story is enacted, constituted, brought forth through telling it, through making sense of it: it is not a
recalling process but a creative one, a meaning-generating one. Caracciolo explains that storytelling is the practice through which
worlds of significance are enacted: stories are not static objects, they are vibrantly produced through being told. Hence, even though
an experience has been lived or heard before, storytelling is a way of making sense of the world around us, of imposing an order in the
flux of experience through the process of sense-making itself. Storytelling becomes the tracing of a path, a path as Varela (1987)
would say, through the words of the poet Machado, that is laid down while walking it. It is in this sense that enactivism helps
conceptualize storytelling as a meaning-making endeavor.

Aligning the posing|solving of a task with a storytelling endeavor makes it an activity that produces mathematics in its unfolding:
one step leading to the next, but establishing each step as a part of the solution along the way. Mental mathematics strategies become
made up along the way as the story unfolds, and not in advance. They are strategies-in-the-making, paths laid down in walking. Like
in oral mathematics, this is how mental mathematics strategies are also responsive to themselves, as one step leads to its con-
sideration in the following one, creating an entire solution path. The story grows, but in relation to itself, contingent on its own
development, its posing|solving, fully influenced by it and about it.

Hence, as for oral mathematics, mental mathematics is about preserving meaning, and about telling a story through that meaning.
It differentiates importantly from written strategies that are of a general nature, a mechanism for any sort of number or equation, one
that does not adapt to new “steps” established or developed along the way. Written strategies are mostly pre-defined strategies to
apply to any problem, independent of its nature. Mental mathematics strategies thus represent a significant shift in the nature of the
strategies enacted in its context, as they are meaning-generating mechanisms.

3.3. Good-enough strategies: strategies as temporal propositions

In addition to being produced in action, where meaning is continually preserved as well as generated, evolving along the po-
sing|solving process, and not being pre-fixed and pre-determined, the strategies carry with them an “in-the-moment” character,
adapted and close to the problem as well as in response to it and for it. Mental mathematics strategies are thus representative of what,
following enactivism, Gordon Calvert (2001) calls explanations in action: happening, growing, and transforming in the midst of
making sense. For her, explanations in action “are not a method for understanding, but are an event of understanding” (p. 81). They
are developed as a way of keeping going. Explanations in action are recognized as events of sense-making and thus are not seen as
complete, finished and fixed, as they “provide enough understanding of the immediate concern so the participants can continue on”
(p. 144). In this sense, strategies and meanings produced are not aimed at being optimal or universal, but mostly functional: “The
explanations [in action] are not optimal, only sufficient, believable, plausible, and good enough for the temporal now” (p. 144).

Through his enactivist sensitivities, Reid (1996; Zack & Reid, 2003, 2004) talks in turn about good-enough strategies, where
solvers’ focus is on obtaining sufficient “information” to get a good idea and carry on the task for delivering a sufficiently close or
coherent solution to tasks. In the midst of solving mental mathematics tasks, as solvers are finding a way into the problem as they
attempt to move forward, they develop good-enough strategies for the time being. They keep on as Gordon Calvert says, or they
“make do” as Zack and Reid call it. That is also how strategies become responsive to themselves as the process unfolds, adapting to
themselves as it goes on. The intention is not about finding the optimal ways of doing, but mainly to do it, to attempt something for
entering the task and generate a way of making sense and solving: developing a route for solving, creating a (not “the”) story as it
goes.

Another example from the system of equations study is when the system to solve was + =x y4 10 and =x y2 6. One strategy
opted for was the elimination method by quadrupling the second equation, transforming it from =x y2 6 to =x y4 8 24, and
then subtracting it from the first (and obtaining =y9 34). Because of time constraints, the value obtained for y was said to be “around
5”. Then, substituting the value of y in the first equation led to a value for x of “around 1”, for a coordinate point being about (1, 5).
Obviously, the degree of error in regard to the solution is significant, because there is a first approximation for y, and then one for x
based on that approximated y. However, meaning is preserved throughout, as one engages in solving and approximating the values in
an algebraic system. This enables the development of orders of magnitude for both values. Whereas the above-mentioned solutions
(for the system y=–x+2 and y=x) focus on gaining an order of magnitude for situating the intersection point in the graph, here the
order of magnitude is in relation to algebraic manipulations: quite different from what is usually seen in an algebraic manipulation
paper-and-pencil context, recognized for its precise ways of getting answers (see Schmidt & Bednarz, 1997).

Along similar lines, in another mental mathematics study, Grade-11 students were asked to operate on a variety of functions
(constant, linear, quadratic, square root, etc.; see Proulx, 2015a). Students had to solve the task mentally, and at the signal to draw
their answer on the same sort of sheet of paper displaying a Cartesian graph as in the study of systems of equations (with y=x given
as a reference line), for then showing it to the teacher.

One kind of strategy in which students engaged entailed attending to points with numerical coordinates on the graphs of func-
tions. In the example in Fig. 4, students had to find the function resulting from the addition of f and g (without the algebraic
representations of functions being given)9 .

Students were observed as eliciting particular cues from points in the graph of both given functions, drawing them to determine in
an exact or approximated fashion what the resulting function would look like for these points, namely: (1) where f crossed the x-axis

9 The descriptions of strategies are taken from Proulx (2015a).
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(x-intercept); (2) where both f and g intersected; (3) where f and g crossed the y-axis (y-intercept); (4) where g crossed the x-axis (x-
intercept) (see Fig. 5).

For case (1), the operation is an exact calculation as the addition of the image for f (of length 0) with that for g resulted in an
image for f+g that is the same as that for g (it has the same image-length for g to which 0 was added). For case (2), the operation is an
approximated calculation, as the addition of both image-length at f and g is the same, and thus the resulting image will be of double-
length of where the intersection point is; but a precise location is impossible unless one knows the exact location of the intersecting
point in terms of precise length. For case (3), the same approximated calculation applies as both image lengths are added. Then for
case (4), an exact answer is obtained as in case (1). Seen in this way, students’ actions seem to mingle both exact and approximated
calculations to find points for the resulting function. (This said, rarely would all four be brought forth in the same task by one student,
but rather a varied combination of two or three.).

This also happened when solving other tasks in the same study, e.g., when presented with the algebraic expressions defining the
various functions to operate on. In these cases, students’ actions could be understood as evaluating the image of each function at a
specific point (using the algebraic expression) and then computing them to obtain an indication of where the function would be for
that point. For example, when facing the addition of two algebraic expressions, e.g., f(x)=|x| and g(x)=x, students explained
splitting the function for each side of the y-axis and then evaluating points on each side, by which they would gain an indication of
where it would be situated (in which quadrant) and what it would look like. So for x=2, this led them to obtain f(2)=|2|= 2 and g
(2)= 2, making (f+g)(2)= 2+2=4, and to position the resulting function in the first quadrant with a slope the double of y=x,
then checking for a point on the left side of the y-axis, say x=–5, and obtaining f(–5)=|–5|= 5 and g(–5)=–5, making f+g(–5)=
–5+5=0.

For both types of strategies, when their actions are understood as a mingling of both exact and approximated answers, students
are seen to gain a good-enough indication of where the function would be (e.g., values obtained for the left side of the y-axis were
exact and along y=0, and values on the right side of the y-axis were approximated for obtaining (f+g)(x)= 2x and drawing it;
similarly for the exact/approximated points in the graphical task). Similarly, x=–5 can be seen not as a specific point, but as one that
acts as representative of all points on the left side of the y-axis, often choosing them randomly, saying “if I choose, let’s say, x=3,
then…”.

In these strategies, one can see that precision is less of an issue than having a sense of the solution, offering solutions that are
good-enough, close-enough, around-enough. However, even if these strategies are not always optimal or do not render correct
answers (precise or not), they offer ways of engaging and making sense. There is, in these good-enough strategies developed in action,

Fig. 4. An addition of functions task.

Fig. 5. Points brought forth by students to solve the addition of functions task.
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a sense of tentativeness, of attempts. As Gordon Calvert (2001) asserts:

Explanations in action are an offering or an invitation to oneself and others. They are posed with one’s self and the other fully
present, are responsive to the other, and are spoken with the intention that they will be heard and viewed as sensible. (p. 81)

The oral mathematical strategies of Nunes et al. embody this dimension, as meaning is made sense of in the solving, but also in a
tentativeness, almost as a suggestion. For example, in the coconut situation related above, the 12-year-old M. offers:

Three will be one hundred and five; with three more, that will be two hundred and ten. [Pause] three hundred and fifteen…I think
it is three hundred and fifty. (pp. 18–19; emphasis added)10

This feeling of tentativeness can be seen in the previous strategies, where solutions are felt to be posed, suggested, and not
imposed as optimal and final. A good example is found in the system of equations strategies, when attention is paid to the impact of
the y-intercept of = +y x 2 to find where the solution is. Moreover, this solution is also placed tentatively at (0, 2), as a suggestion,
for offering something, something to tinker with (knowing well that it cannot be the y-intercept). And, indeed, this kind of solving
links well with tinkering techniques of scientists, where a dialogue unfolds between the model created and the reality aimed at being
modeled; see, e.g., Watson’s (1980) account of his work on DNA. It illustrates well how modelling attempts to capture features of the
reality one is faced with [here, a 2 for y-intercept], and at the same time how this modelling [here, around that 2 at (0, 2)] talks back
to the tinkerer by offering an account of what it gives [here, it becomes the y-intercept, hence impossible], as well as unforeseen
aspects of it [here, it can’t be the y-axis, so it might be on the right-side of it]. All this, recursively, leads to adjustments in action
[here, but where on the right-side of the y-axis?] in order to attempt to see more of the situation while at the same time continuing to
represent it [here, what about …?]. The interplay of seen, unseen and unforeseen aspects of tinkering makes this process dynamic and
continually evolving for the problem at hand, but also suggestive, through the story being told, while posing|solving it. It is not final:
it is an advancement.

These solutions, these explanations in action, are given as work-in-progress, but at the same time as representing a solution, a way
of engaging with the task and advancing in its solving. Hence, conceived along this way, strategies and solutions are seen as sug-
gestions, as a door to open, to continue going forward in the solving. They are not static, fixed, established, and “secured” as written
algorithms are often perceived. These strategies are fleeting and active, as Plunkett (1979) would say, fighting their way forward,
opening toward other avenues for solving, suggesting them: they open up, they unfold, they develop. This is an aspect that makes
them particular to mental mathematics contexts, as they are options for advancing, for going forward, good-enough at each step and
for each posing|solving step, being constituted and explained as the process goes on. This is a sensitivity that the enactivist grounding
of oral mathematics affords for conceptualizing mental mathematics solving processes, as strategies are seen as something non-
scripted that unfolds and grows in the making.

4. Final remarks – reconsidering the solving environment of mental mathematics

The objective of this article is to contribute to conceptualizations about what doing mental mathematics entails and implies, that
is, the sort of mathematics produced and the nature of the mathematical activity engaged with. Issues of meaning-making and
meaning-preservation taken from Nunes et al.’s oral mathematics framing illustrates how meaning is permeating the mental
mathematics strategies. Hence, in similar ways to the oral mathematics practices reported in Nunes et al.’s (1993), mental mathe-
matics strategies unfold through preserving and making meaning, embodying an aliveness and tentativeness that maintains
mathematics as a dynamic activity filled with meaning.

The enactivist grounding of strategy processes illustrates how these strategies preserve meaning through being continually
connected to the data of the problem by bringing it forth in the posing|solving process. It also illustrates how these strategies are
unfolding in the action, producing meaning as they are being produced, as storytelling endeavours, as meaning-making endeavours.
Finally, the temporal dimensions raised by meaning-preservation and meaning-making, pointing to the ongoing, adapting and
evolving aspects of strategies, raised the suggestive nature of these strategies. These strategies are seen as pragmatically efficient for
solving, but not necessarily optimal, where mental mathematics strategies are seen as propositions that work, good-enough for the
time being.

These elements, in addressing the article’s objective, leads to pay attention to the ways in which strategies are produced in mental
mathematics contexts. It leads the discussion away from an assessment of the relationship between mental and paper-and-pencil
mathematics as a completely exclusive one, an all-or-nothing difference where no overlap can possibly exist. In other words, it is
possible to see that Amy could have, although she mentioned would not have, use her strategy on paper. Similarly, Frank could have
referred to quadratics and translations in the Cartesian plane in a paper-and-pencil context. The same for all other strategies engaged
with in the article. Hence, the point is not about asserting that a strategy is solely mental or paper-and-pencil and categorize rigidly
each of these in a vacuum. It is not about deciphering the mental or paper-and-pencil dimensions in it, after the fact, as an a posteriori
analysis. What the grounding of oral mathematics’ distinctions in enactivism made salient is the emergent and dynamical nature of
the posing|solving process engaged with, where mental mathematics strategies act as stories told, as explanations in action that

10 Following the above-mentioned reviewer comment in footnote 6, this third dimension of good-enough might be seen as one of the ways in
which understandings about oral mathematics might be informed in return by mental mathematics solving processes. The same is to be said of issues
of storytelling practices.
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unfold in the making. Be them related to previous forms of solving or completely thought-of in-the-moment, these strategies are
dynamically produced as they unfold. This is how they are meaning-preservation and meaning-making endeavours; and this is how
they can be seen as differentiating from (usual) paper-and-pencil work that is (mostly) centered on the application of pre-formed rules
and methods.

Through these “meaning” endeavours, there is a sense that the nature of the mathematical activity engaged with in mental
mathematics creates a space where meaning is happening in the making, that is more about engagement with and exploration of the
task to go forward than only about zeroing in on a single answer for the task be completed. Mental mathematics participants engaged
in a mathematical space that allowed themselves to give good-enough solutions, offering propositions, while at the same time being
aware that these are not “final offers” and are still to be worked on and enhanced. These strategies tell a plausible story, a meaningful
story, but not “the” uniquely-possible story.

This perspective transforms explicitly the objective from the single-minded goal of obtaining the right answer or even of obtaining
one single answer, and toward one of developing strategies for giving sufficient meaning to the task (and preserving it). That may be
one central distinctive feature of mental mathematics. It is in that sense that another way of doing mathematics, another mathe-
matical activity, can be said to be at work. Mental mathematics opens up an alternative realm of mathematical work and ways of
functioning: not only in terms of resources, time constraints, and so forth – of symbolic representation to use Nunes et al.’s view – but
also in terms of the nature of the strategies enacted and the context in which this enactment takes shape, that is, related to the
mathematical space of exploration formed through mental mathematics environments. Mental mathematics, conceptualized through
oral mathematics and posing|solving processes, distinguishes itself from an application practice of rules and ways of making. It
happens and is about a space of emergence, of engagement with ideas, of engagement with meaning.

Through this, strategies embody a suggestive nature and not a definitive one: for driving the solving forward and less for offering a
definitive answer to the task. There seems to be, to use Noss’ (2002) expression, another mathematical-epistemology-at-work: away
from standard forms of mathematical activity, and toward a way of solving that is more about engaging and less about solving for the
sake of solving. This mathematical space of exploration that mental mathematics opens up, related to meaning-making and meaning-
preservation in a good-enough mindset, is one worth paying attention to. It is a space focused on meaning-generating, one where
solvers do not acquire knowledge but produce meaning in action. In that sense, it is directly related to what Nunes et al. define as
mathematical activity:

mathematical activity is not carried out in order to discover relationships about empirical events but is an exploration of re-
lationships between representations. It is a process of making inferences that starts with representations that make possible the use
of formalization. (p. 128)

Hence, by being centered on the unfolding of mathematical activity in action, mental mathematics appears worthy of attention in
and for the mathematical education landscape.
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