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Dynamical Equations
o a
Simple, Closed Socio-Economic System

by

H.M. Hubey, Assistant Profesor
Department of Mathematics and Computer Science
Montclair State College ’
Upper Montclair, New Jersey 07043
INTERNET: hubey@apolic.montclair.edu

Introduction

In the usual treatment of the macro-economy it is common to' split up the total final
output Y() , into investment goods lit}, and consumption goods Cty . Simiarly the input into
the economy is split up into the "primary" inputs, the service contribution of the Norhuman
Polential {Stocks N{ , which is called capital flux (flow) Ki) in this paper and, the
contribution of the Human Pofenttal, H{n) , we call labor flux L) . In addition, sometimes,
the natural resources Ry (raw materials) and the Intermediate Goods Vi , are taken into
account. In earlier models, Hubey and Chichester (2,3] modeled the effects of the primary
oulputs (investment-Consumption) on each other {2j and the Capital- Labor effects were
modeted in {3]. In this paper. a complete closed simple-economy is modeled. it will be
shown that the raw resources wil enter into this model in a very natural way.

This system has no government Le. no taxes and no governmental spending: no
monelary saving Le. we start off with an economy which already has Nonhuman Potential
and whether this Potential 1s° managed by the non-existent workers of the."disappeared
state” or is managed by the "Invisible hand” has no effect on this model; no monetary effects
such as inflation, Mquidity problems ete. This implies that If this is a managed {command)
system, then the money supply Is perfectly tuned to the production and the “saving' is
automatically done by the state by increasing the money supply (quasi-statically) and
rationing the cutput by a central plan. If this Is a Smithian world of competition then
inflation is so slow as to be negligible and a "fund” of electronic meney flows to the "tnvisible
managers’ of the Nonhuman potential thus providing for constant and continuous upgrading
of the machines without the need for humans to "save money'. Thus the “reat flux" of goods
and services and their "measurement” in electronic-value-units are perfectly tuned to each
other both systems,

Thus there Is no need for humans to save; all their needs are taken care of by their
wages. It would also help the modeling greatly if the population were kept constant and If
the individuals lived forever just like the machines. However this last assumption is not
necessary. it can be shown that stepwise relaxation of the restrictions will not add
appreclably io the complexity of the medel. Because of the generality of the mode! it willl
only be useful as a pedagogical tool --at least In the beginning stages. However it can be
shown that the model has many properties of economic models that have been proposed
over the last few centuries by vartous authors, The strength of this model also happens to be
lts weakness in that because of ils generality, the "burden of emulating and explaining
reality” has been shifted over to the coeficients of the model--as ts usual in all such models
of soclo-economic systems,

Investment-Consumption (I-C) Equations

In earlier papers Hubey(2), an implicitly probabilistic methodology was used to derlve
equatlons which the Investment 1) and the Consumption Cl satisfy. The decision process
Is examined at a segment of time between t and L + A |, and the function C{t + A} related 1o
the function Cl. The equatlons resulting from this "lnvariant Imbedding” approach, usually
accredited to Ambartsumian are

la} dCw /dt =110 Cly + Brai Iy + E3(LCH
Ib)  diw /dt= B2 Cil +  Bozio 0+ E2(LC.4
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As should be noted, the derivatlon does not purport to be able to give a detailed
description of the declsion process or the producton process. The decisions can be made
Indlvidually or collectively. Hayek {4), has noted that " All economic activity is...planning;
and tn any soclety in which many people collaborate, this planning, whoever does &, will
some measure have {o be based on knowledge... Planning in the specific sense in which the
term Is used [n coniemporary controversy necessarily means ceniral planning-—-direction of
the whole economic system according to one unified plan. Competition, on the other hand,
means decentralized planning by many separate persons.”

We thus have a coupled set of differential equations for It} and Clty. That the "self-
coefficlents” , L.e. Bl1i} OF B22 (1 may be positive or negative 15 clear from the dervation,
It can be argued that the "burden of modeling" has been transferred to the coefficlents In
these equations, This s certainly true since the coefficients are the "intensive” varibles such
as the state-of-technology, the consumer preferences which effect the types of goods being
produced, and even the laws of the land which can be as capitalistic as lalssez-fatre.
soclalistic or "regulated” capitalism. In the applicable cases, the "profit” motive will

- determine in some ways what Is to be produced. In other cases of societal ratlioning of
goods and services, the managers of the “means of production” will have to consider quotas,
shortages and other things--such seems to be the case where wages and profits cannot be
used as an incentlve.  Also in this modet only the effects of investment and Consumption
on each other is considered. Furthermore, this system 18 considered 1o be a "closed”
system in that the effects of other economic systems Is not shown In the equations,  To
consider an "open” economy we would have to consider the above differential equations with
“source” or “forcing” terms. (The usage of the word scurce or forcing seems to come Ifrom
phsical systems. For example, source Is often used in electromagnetic problems since the
“source” for electromagnetic Aelds are charges and currents, In mechanical phenomena, the
word “"forcing” 1s used to denote that the system under study is being externally influenced
and also due to the fact that the derivations of the equations are via “force” balancing.)

Capltal-Labor (K-1) Equaticns

It is clear that the same type of an imbedding approach can be used to derive the
relattonship of Kiy and L{t} without taking Into account the effects of Iiv) and Cith. This has
been done in  Hubey {2]. These equations are of form

2a} 4K /dt=cnm Ko+ al2w) Ly + yK L1
2h)  dLw /dt= o2HO K + az2i L + y2fKL.g)
Comments similar to the Investment-Consumption equations ¢an be made about the

Capital-Labor equations. Again, only the effects of Labor flux and Capital flux on each other
have been modeled hy these equations,

Inputs and Qutputs Coupled: E-I and C-L

We sulll need further relationships between the variables as they are still uncoupled.
We can get a hint from the usual Capital-Investment (K-]) Equation

3} dE@). /dt + x ) Ky = It}

This Is essentlally a ecost-definition of capital stocks. It is usally derlved via a
difference equation formulation. t.e.

4) Knrl= Ko+ In

This equallon usually translates somewhat confusingly as the capital “In the n+1
perlod is 1ts value at the nth period pius the investment during that _unnoam. However 1f the

lnvestment did not have an accelerator effect attached to it, there would be no reason to -

Invest except to offset physical depreciation. Hence a more general version Is
5} dKi0)- /dt + ki) K = xa2 (1) Iy

The lhs of the equation displays the Inherent behavior of Capital Flux 1n that it wili
Increase or decrease depending on the value of the coefficiknt ;. That the coefficient

should be positive 13 obvious since without the “source” term on the right hand side, Ku
should n._no..&. ne..nn_.o. The rhs of the equations shows the Investment It) in its correct place,
as the 'source” term for the Increase In the contribution to the wqcacn:o:,—:,onnmm of
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tential .¢. an increase in the Capital Flux. Esthetically it would be much more
Wﬂﬂmﬁmmﬂom_c show the increase in knowledge (l.e. scientific-engineering-technological
knowHow} as the source for the Increase in Capital Flux (and the Labor Flux) as it happens
in reality. {Unfortunateiy this idea is not In vogue at this time since 1t w...:..w« to mind
Veblen and his ideas about the "Technocracy”. It also evokes images of Marx 1.e. "Oh no, not
another exploited class” fype-comments seem appropriate,  The formal solution of eguation
(5) (with K{o) = 0) is given by

¢
6) Kit-t) = ._“ G{t- tlk2 (7} liv} d1

where Glt- 1)= Green's Function = exp [ - _. k2 (oido }.

The equation above shows explicitly that K{t) will go to zero without I{t). The
coeffictent k2 (1) would seem to indicate that It is an "Intensity” function i.e. the knowledge
"locked up" or "frozen" in the machines (In Marxian terminology) and “technigue” or
"technology Intensity” In modern terminology. It would seem that if the equations developed
here are "measured” 1n money, then k2 {t) >1 would tend to implicitly show a Veblenlan way
of weighting l.e. it implies that investment I worth more than it costs, hence as alluded to
above, equation (5} i3 not a cost definition of investiment, In addition, the Green's function of
equation (5} 1s a "weighting” function of sorts in that the earllest tnvestments are given the
teast welght and the latest count the heaviest. This integrai solution s reminiscent of the
Friedman Consumption function (Permanent income Hypothesis) and was explicitly pointed
out In Hubey {2}, This, of course, Is more general than the "Ramsey-Solow simplification”
which results in equations ke ¥y = Cly + dK(y) /dt. ([see Samuelson 6},

The Inclusion of educatlon, soclalizatlon as well as recreatlon, and health care. In
Consumption C(t)--as was done in Hubey {2] makes it possible to give a very simple
expression for the fundamental idea behind the Human FPotential Theory. An argument,
simllar to the one above, will Jead to an equation for Consumption-Labor (C-L).

7 dLy fdt + ALy = A2 Cw

Thus, the Consumption C{t} acts as a "source” for the increase In the contribution of
Human Potentlal which i3 commeonly called Labor. The solution of equation (7) is similar to
equatlon (5) and #t clearly shows that consumption C(t) is the source for the Increase in the
contributions that humans make toward the production of goods. ‘Since educailon was
included in consumptior C(t) In Hubey {2}, the "education intensities” or "knowledge
intensities” can be shown explicitly in the equatio. Thus equation (7) can be thought of as a
very simple expression of the human potential school of thought. ’

The set of equations. then are the complete equations of motion for the primary
inputs and outputs of an economic system. There is a symmetry in the equations which
does not exst in real life. That is, machines do not work or contribute out of their own
volition as humans do. However, one can make several observations as to their validity.

First, these are very simple equations and not much more can be done to model a
reslity as complex as a socio-economic system.. Indeed, Ii Is not known (known in the sSense
of certainty as in certain physical laws which can be repeated ad infinitum with essentially
the same results) that the equations above do indeed model reallty. With all due respect to
Karl Popper. no matter what happens, the finitely long or finitely many  experiments are all
that can be performed In reallty. The predictive power of a theory Is a fundamental
detenminer In the credibility that the theory evokes fn the minds of the literate and the
Uiiterate alike. Even the simplest physical phenomena are more correctly modeted as non
-linear phenomena, In that sense, the €quations here can only be thought of as linear
approximations to reallty--assuming of course that the reader can even begin to accept the
reasonableness of these equations. Since Economic Theory like other scientific theorles and
other such human endevears is not completely free of fashion, it would seem that the
differential equation models would -seem to be pre-empted. at the time of this writing by
Linear Algebra and Varlational schools. An interesting contrast is provided in the works of A,
LL Wright (10}, whose worka use continuous time and control-theoretic formulatlons.

The second observation would be to point out that in this particular time period of
rapid advances in compuiers, --both hardware and software such as Artificial Intelligence
techniques and all that it tmplies such as Artificial Vision, Robatics--notwithstanding the
sclence fletton movies of Intelligent robots runntng amok , there is still the possibility of
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having machines with almost human-like capabilitles--some day [ . This would at least leave
open the possibility that the equations developed in this paper which are symmetric with
respect to men and machines might ene day more correctly model soclo-economic systems

than they do today.
The Macroscopic State Space

For consistency, the coefficients must be related to each other. The macro-economy
has been labeled as a "black box" with the primary "pure” inputs Kf1) , L1t and final outputs;
i) and Cly . The total cutput Ziy of the economy would Include the intermediate goods
Vit) , the “transitory form” which the input takes on its way to becoming the final product.
Government expenditures, Imports and exports are not considered here and can be tacked
on to these equations without much conceptual difficulties.

A real economy can be considered in the Hmit as an economy with an infinite number
of goods (It would be more correct to say that a real economy has so many goods that it
would be easter to model it as If it had an Infinite number of goeds) . Adding Eq. (2a) to Eq.

[5) and Eq. (2h} to Eq. (7}
8a) difiy /At = w2200 K + w230 LY+ wzlith
8bh) dil) /dt = w33 Liv + w3200 Kin + w3400 Cl

where the ys are combinations of the coefcients of the equations derlved above. The
derivation 1s stralght forward and the detalls are left out for lack of space. One further
relationship needs to be added to the set. Deflning Ry as the Raw Resources Flux and
Vi) as the System Inventory (Intermediate Goods Accumulation, semi finished goods,
circulating capitall. we can write a "balance” equation

9) R+ KU + Ly -{lo +C ) =dVig /fdi

) We can see that on the lhs, the outputs-- Invesment and Consumption goods -- are
subtracted from the Inputs into the "black box" which Is the economic system. If the inputs
exceed the outputs of the system there will be an accumulatlon within the system hence
there wili be a change In V(). This is the term that bas been called "inchoate wealth” by
Hayek. The set of equations can now be written more concisely as a vector differential
equation,

10) dqftl/dt = S(tiqlt} + r(t}
where g(t) and r(t) are vectors and B8it}) is a "Structural Matrix",

It's a straightforward manipulation to relate the elements of the structural matrix to
the coefficlents of the previous equations and Is omitted here for lack of space.  1n some
way these equattons may be consildered to be the generalized versions of the Leontieff
dynamic equations. Indeed, aonce the equations are written in this form, a further
generalization is simple. Since it Is known that "everything affects everything”. one might
try t0 use a matrix S{t) in econometric studles in which none of the coefficlents are zero |
The total model may be considered to be a two sector model of sorts as done by Shinkal {9}
except that the labor and capital flows are not separated here as was done by Shinkal.

Linear Steady State

Without getiing into any halr-splitting discussions on the meaning of "steady state” or
"equilibrium” one can fiddle with the equations to see what would happen. Steady state is
defined as the state at which the state varlables namely It ,Ci, Kl , Vit and L{ty are
"steady” L.e. do not change. In such a case, we are left with a vector equation of the type

11) Sg=-r where 8 1s no longer a function of dme.

It Is certainly logical that the natural resources of a closed system constrain the inputs
and the outputs and thus determine the standard of living, Unfortunately. the equation above
Is probably more accurate over a short period of time rather than long periods. The
reasoning is as follows. The physical malter on earth from which 21l "natural resources” are
extracted will not change appreclably over short perlods of time--the word short being
defined In.relation to geological time. Since human soclety has existed for milllons of years
[and hopefully will exist for millions more), a time span of less than a century seems short by
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comparison. During this "short perled of time”, the only thing that can change the natural
resources of a closed system will be a “scientific invention” which makes things valuable that
were considered valueless before the inventlon.  Similarly, things that were scarce and
valuable might become unnecessary once substitutes are Invented. A modern example that
comes to mind is the use of optical fiber for copper. In the near future, hydrogen
[extractible from water) might make fossil fuels unneccessary. If the aggregate state
variables are broken down into different sectors, it can be seen that the equations above --
equations (10} and {11) are similar, at least in spirt, to the linear models due to Leontleff,
Von Neumann, and Arrow.

Linear Extensions and Other Theorles

So far only the simplest linear cases have been investigated without causing too much
difficulty. It can now be shown that with minor modifications a more realistic model of a
real economy can be obtained. For example, it was menttoned in Hubey {1) that in order to
make a symmetric argument education and tralning was included In Consumption Cl) and
not as an Investment , Iy . This was justified on the basls of making a functional aggregation
rather than one based on time. In most writings on Economic Theory , education is
Included as an Investment since the service is not consldered to be eonsumed immediately
but 1s a kind of a “saving" for the future. In the models developed here and earlier, a good 15
‘tagged’ as an investment or consumption good depending on end-use. Therefore 1t would
be more realistic to realize that ln equations {1) and (7) some of the effects of Cit) (the
part that includes education) will be realized after a time delay. Thus the effects of C() on Lit)
will be delayed by a time perlod t. We should then use Cli - 1) to account for the effect of
eduction on L{t}. In order to show the effects of such consumption we can use

12) ._. Cit - vde

for the source term. However, a more correct {and more difficult to treat analytically)
version would be weighted over time. i.e.

13) _. WiCle - de

where a reasonable choice might be Wl = exp (- L1).  Since delay-differential equations
{or equations with convelution integral type source terms) cannot be readily solved we can
make a binary simplification where we split C{t) into two terms ; those whose effect is
immediate and those whose effect shows up “later” ie. use delay terms for the educational
component of consumption

14) Cit-g=Ci) -1 dCy /dt

This aproximatlon still leaves the equtions as linear and reasonably tractable. Substitating
the result for Cit - 1) --from equation (14)--- for CW) In equation {7) and substituting for
dCit)/dt will glve an equation for diL{t}/dt In terms of C[t} and I{t). Solving for AC[t)/dt , and
substituting for dL{t}/dt we will obtatn an equation for dC(t)/dt in terms of L(t) and K(t}.

l.& we can ohtain equations of type

15a) dL{i)/dt = F(C(t), 1)
15h) dC(ti/de = H(LEt), K{t)

One can use a delayed function for investment Wt-1) to show the effect of investment In
research machines {of the type now employed such as linear acceierators, and research in
fusion etc). Unquestionably the future holds space for much more knowledge workers
workers employing much mere machines. Similar to education this type of investment's
effect on K(t) will show up later and -not immediately. Thus it s relatively simple to justify
the use of a Hnear vector equation of type glven in equations (10) and {11) in which very few
of the clements of the matrix are zero. {t would seem intultively that an econometric analysis
of this type should not make any of the elements of the 8 matrix zero,

A Nonlinear Model and Production Functlons
instead of the linear equation for K- L we can use a non-linear verslon
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16a} 4K /dt= a1 Ko - {@1/bi)K2w - (@i as/bi) K Lig

16b) dLig fdt =az Ly - (@z/b2) L2y - (az ba/bs) Ko Ly

These equations can be derived by assuming that Capttal K and Li) are competing
for the same M_._E_En supply of funds. The equations are of the type derived by Volterra for
competition between two species of animals, but their propertles make them attractive and
they are an extension of the Unear theory. The Lotka-Volterra type equations have been used
In cconomic theory by Samuelson (7.8}, Goodwin (1] and analyzed by Medio [5} from a
socialist point of view. It can be shown that the solutions of the above set approach the
steady state

17a) K= (b1 - a3 ba)/(1- a3 b3)
17b) L=(bz-bs c.:\:.mu ba)

for bifaa>b2 and bp>b3, Lo} > 0 and Klto) > 0
Furthennore. equating  dLi/dt from Eq. {7) and Eq. {16b} we obtain
181 7C0 = (1/3zfaz + 40) L0 - @a/bR} LAG - taz/ba) bs Ky Lih

Substituiing into equation (1b) and sclving, we abtan
19) @0 = [ utes  Actoton - Aot - A2pKeoLu} dx

where  the Gi{t-x) 18 the Green's Function of the lUinear differenttal €quatton  for I{t) 1n
equation {1b) and

20a) Aolx) = Bzi(az + ki)/xz
20b) Allx) = B2y Az/(x2 ba)
20¢) Azlx) = B21 a2 ba/(xz ba)

that
21} Yl = It} + Citi

1t is clear that equation (19) and the one for consumption --not shown here-- will constitute

a dynamic production functional. It can be shown that for certain values of the coefficients,
the conditions 3Y/3K >0 and 32K/9K? <0 can be obtained. Similar results can be shown
for oY /4L and 32Y/3L2.  Similar calculations for the linear set of equations will show that
a2Y /312 = 32K/9K2 = 0. It should be pointed out that the production function thus derived
in dynamlc In the sense that it gives the output over time for inputs into the economic
system over time.  Since the Green's function is for a first order differential equation it wil]
be of exponentially decaying {or Increasing depending on the coeflicients } form. Hence the
Green's function is a "welghting function” in the sense that it gives the output at time t for a
unit Input at time x. In this sense 1t a mathematical representation of the production
process as envisioned by Hayek, The I-C equations can be also non-linearized to give an
input Functional "(a Ja Hayek) but the solution of the resulting nonlinear set for Iy, Cqy ,
Ky and Lt would be a formidable problem.

Sumary

It has been deemed uscful to split the final output Y(t} in the simplest manner, into
Consumption Cit) which Is for the Immediate sattation and sustenance of the people and
[nvestment Ift) , which is the good and services which must be “resunk” into the economy. In
a sensc¢ one can think of I{t} as "consumpton" for the stock of Non-Human Potential
(Capital), as Cm) s “nourishment” for the Human Fotenttal Hit) . The investment includes
"subsistence level' nourishment (l.e. parts and "repair service” much as medical care} as
well as new equipment embodying new engineering-scientific knowledge which can
Increase the contribution flux K of Ny). Quite symmetically Consumption Cit} includes
“formal education” and "tralning” for human beings to enable them to live as contributing
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With a similar set of operations we can obtain relations for Clt) as in equation (19). Recalling )

and productive members of saclety. Tt shouid be pointed out that this point of view, namely
that education 18 not an "Investment duty” to be endured but a "pleasure” to be consumed is
In a sense isomorphic to the hew humanists' view as it Is jdentical with the Greek view of
antiquity (i.e. School = letsure). There I3 no way, at this point, to show explicitly the effect of
the generation and creation of scientific knowledge on the standard of living of a soclety. A
model which intends to take into account the creation of knowledge should consider such
kmowledge as a specific and special "form of wealth” much like energy and raw materials. It
ls this speciai form of wealth that allows all other raw materials to be regarded as
resources”. This "transformation” type of problem should probably be treated with
thermodynamics type of formalism:

Other results such as “steady state" growth, unsteady growth, oscillatory growth
patterns can be derived from these equations. It has already been shown how steady state
solutlons can be obtained from the model presented here and elsewhere {2,3). It has also
been shown that a particular non-linear verslon of the set of equations, has desirable
"production function” properties. , .

Unusual terminology and unfashionable mathematics are used in the derivation of the
models In this paper and the others before it. Some of the reasons for the use of unusual

. terminology 1s that , although seeming pointless It is hoped that these terms wilt not evoke
-In the readers’ minds the connotations with which these terms are stigmatized. The terms

Potential and Flux have been used because they are still unstigmatized In economics, This
paper and others before it (and others to follow) are being written in the spivit of Hayek {and
more modernly "glasnost” ;-} ). .
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