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Abstract

The paper examines the nature of fair (envy free, efficient) allocations in an over-
lapping generations economy without production, in which each generation lives for
two periods. It shows that there exists a non-trivial conflict between equity and ef-
ficiency when all generations have identical preferences. This conflict is seen to be
entirely determined by the historically determined young age consumption of the gen-
eration which is old in the first period when the social decisions are being made, rel-
ative to the young age consumption in the golden-rule. It then shows by an example
that there could exist non-stationary preferences for which such a conflict does not
arise regardless of the history of the economy.
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1 Introduction

Consider the following problem for a policy maker. At time ¢ = 1, (present), there live
agents of different ages, who can be broadly categorized as young and old. The old have
already lived out their youth in the past and had some consumption (call it xp). The pol-
icy maker needs to decide on ways of allocating a fixed amount of resource, each period,
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among the young and old from the present into the infinite future. What can be an egalitar-
ian allocation for this economy? Can such an equitable allocation be achieved efficiently?
What is the nature of constraints imposed on the feasible egalitarian policies by the fact
that xg is already determined in the past? This paper is an attempt to frame the debate on
the class of questions posed above. It is thus a contribution to the social decision theory
literature.

In the theory of intertemporal social choice, two approaches have been used in study-
ing efficient equitable allocations over time. The first approach seeks to define social
preferences in the form of a social welfare quasi-order, a social welfare order or a social
welfare function on infinite utility streams, which embodies in it the notions of equity and
efficiency. Then, given an economy, these preferences can be used to choose among the
utility streams over time that the economy is capable of generating. The choice set is the
set of allocations which generate utility streams that are maximal in terms of the social
preferences?.

An alternative approach is to start with an economy and obtain a description of its
feasible allocations. The choice set is a set of allocations obtained by imposing notions of
equity and efficiency directly on the choice rules?.

The notion of efficiency in both approaches involves some version of the Pareto prin-
ciple. The notion of equity that is used varies widely, but the notions of equity used in the
first approach® can be translated to notions of equity in the second approach.

The particular concept of equity that we wish to study in this paper is known as envy-
free, which was introduced in the economics literature by Foley (T967)%. Unlike other
notions of equity, it is quite essential to start with a description of the feasible alloca-
tions of an economy to even define this concept. This is because the notion of being
envy-free involves each generation comparing its own assignment in an allocation to the
assignments of all other generations in that allocation. Thus, our study follows the second
approach described above. Also, unlike other notions of equity, there need be no compa-
rability requirements placed on the utility functions of the various generations, since each
generation evaluates its own assignment and the assignment of every other generation, in
terms of its own utility function.

Shinofsuka ef all (2007) have studied alternative notions of envy-free allocations in
an overlapping generations economy without production, in which each generation lives

!For some recent contributions following this approach, see Mifra (2003), Basiand Mifra (2007), Baner
jee and Mitrd (2010), Asheim ef all (ZOTOR).

ZFor recent contributions following this approach, see Shinofsuka ef all (2007), Asheim ef all (Z01T04).

3Two concepts of equity that have been discussed extensively are Anonymity and the Pigou-Dalton prin-
ciple.

4Other seminal references on this equity notion are Kol (T977), Narian (1974), and [Yaari (T981). Some
of the recent surveys on envy free allocations are [Thamson (Z0T{).



for two periods. We retain their framework, but assume in addition that the population is
stationary and that there is a social endowment of a unit of a perishable consumption good
in each period to be divided between the young and the old living in that period. This
simplification helps us to highlight the essential issues involved.

We examine in this framework the notion of envy-free allocations that appears to us
to be the most persuasive; also, unlike their focus on stationary allocations, we study all
allocations, stationary or not. We then analyze the possible conflict between equity and
efficiency considerations in determining the social choice set5.

The first part of the paper focuses on the case of stationary preferences. The possible
conflict that can arise between efficiency and equity considerations can be seen with a
variety of specifications of the (identical) utility function of the generations. However, to
stress that this conflict is not pathological, we deliberately specify the utility function to
be “well-behaved” in every way, and such that the economy has a unique golden-rule in
the interior of the consumption space.

Given the golden-rule, the conflict is then seen to be entirely determined by history.
That is, it is determined entirely by the young-age consumption of generation O (call it
Xp), who is alive and old in period 1, when social choices are made about that period and
all future periods. At the time of choice, then, xq is given, having been determined and
already carried out in the past.

The main result (Theorem 1) is that if this historically determined young-age consump-
tion (xg) is high (relative to the golden-rule young-age consumption X), then there is no
allocation which is efficient and envy-free. If it is low (relative to the golden-rule young-
age consumption ¥), then there always exists an efficient and envy-free allocation (called
a fair allocation).

The conflict may be seen as follows. If xg > &, it is possible to ensure golden-rule
utility for all generations, and provide a bit more utility to generation 0. It is not possible
to ensure any higher constant utility for all generations than golden-rule utility. Then,
equity considerations force one to choose golden-rule utility for all generations; but this is
clearly Pareto inefficient.

In the second part (Section 4), we consider the case of non-stationary preferences.
Intuitively it is not difficult to come up with economies (i.e., diverse agents’ preference and
/ or endowments, etc.) exhibiting conflict between equity and efficiency over larger subsets
of possible histories. However, what is not obvious is whether, for every specification
of (non-stationary) preferences, there will be some history for which a conflict between
equity and efficiency will always exist. We construct a specification of preferences for
which no such conflict between equity and efficiency arises, regardless of the history of

>The notion of Pareto efficiency that we use is also somewhat different from Shinofsika ef all (2007).
This is explained in Section 2.



the economy. It should be noted that since the social endowment for the economy remains
the same as before, the result is obtained by introducing diversity in the preferences of
the agents. However, in order that such an example be of interest, we need to retain the
well-behaved nature (as in Theorem 1) of each agent’s preferences.

The analysis of the case of non-stationary preferences is essentially different from the
case of stationary preferences (examined in Section 3) in that there is no natural benchmark
like the golden-rule allocation to compare with any given allocation. In order to still avail
of a pseudo benchmark, the kind of preferences used in the example that we construct in-
volve stationary preferences on a subset of the domain, and non-stationary preferences on
the remainder, with the domain of non-stationarity becoming very “small” as we consider
generations far into the future.

For future research, we intend to examine the case of agents who live for more than two
periods. The economy with three period lived agents would be an appropriate model as the
economy with two period lived agents could be restrictive.8. It is well-known that there
exist stationary economies, where agents live for more than two periods, for which there
are no efficient stationary allocations satisfying individual rationality. Shitovitz (T9XR)
constructs an economy with three periods lived agents having standard additively separable
Cobb Douglas preferences and shows that economy fails to have any stationary efficient
allocations?. In our model with two-period lived agents, essential use is made of the
existence of stationary efficient allocations in establishing that there is no conflict of equity
with efficiency when the historically determined young age consumption is less than the
golden-rule young age consumption. The role of the life span assumption is therefore
crucial and it would be interesting to investigate the nature of conflict between equity and
efficiency in a three periods overlapping generations economy.

2 An Overlapping Generations Model

2.1 Allocations

We consider a standard overlapping generations model in which for each ¢ € M, a single
agent is born (called generation ¢) who lives for two periods (t and ¢ + 1)8. Therefore, in

6See Samnelsan (T958) for three periods lived agents, Gald (I973) for the general finite n-period lived
agents, Cass_and Yaari (T966).

"The non-existence result persists even when stationary allocations are required to satisfy a weaker notion
of efficiency, namely “Weak Pareto Optimality ~ as defined by Balaskoand_Shell (T980); see Oknno-and
Zilcha (T9%3).

8The set of natural numbers is denoted by N, and M = N u {0}.



each period t € N, there is an old agent who overlaps with an agent in his youth®.

For each generation ¢ € M, we denote by x; the generation’s consumption when young,
and by y;+1 the generation’s consumption when old.

In each period 7 € N, one unit of an intrinsically desirable but completely perishable
good is made available exogenously. This has to be distributed between the young and
old alive in period . We consider Xy (the consumption of generation 0 when young) to
be historically given, with o € [0, 1]. Thus, we view social decisions being made at date
1 regarding assignments of the single good to the young and old in period 1, and in all
subsequent periods. Decision making at period 1 clearly cannot affect Xy, which has been
determined in the past.

An allocation is a sequence (X;, ;1) = (X1, y:+1)5, satisfying,

{
0 forallreM,
1

(Xt,y141) 2
Xt + Yt <1 forallzeN, (1)
X0 =Xg-.
An allocation (x;,y;+1):%, is stationary if,
(x¢,y2+1) = (Xr41,Vr42) forall £ € ML (2)

2.2 Equity and Efficiency

Even though part of the consumption bundle of generation O is historically given, the well-
being of generation O can clearly be affected by decisions made at time period 1 (that is,
by the assignment of its old-age consumption, y;). Thus, the notions of both equity and
efficiency have to be formulated so that the well-being of generation 0 (and of course the
well-being of all generations from 7 = 1 onwards) are taken into account.

Assume that the preferences of generation 7 (where ¢ € M) on consumption bundles in
X =R? are expressed by a utility function u, from X to R.

An allocation (x;,y;+1)7%, is envy-free if for each t € M,

ut(xlayt+])>ut(xhys+]) for all s € ML (3)
An allocation (x{,y;, | )2, dominates an allocation {(x;,y;.1);%, if,
Ut(x;7Y;+1) > 1y (X;,yr41) forallt e M, “4)

with strict inequality in (4) for some ¢ € M. An allocation (x;,y;1 );’jo is efficient if there is
no allocation which dominates it.
An allocation (x;,y;+1)%, is fair if it is both envy-free and efficient.

°This is a standard overlapping generations model. Ralaska and Shell (19R(J) is the standard reference.



3 The Case of Stationary Preferences

In this section, we specialize to the case in which the preferences of the generations are
stationary; that is, there is u : X — R such that,

u; =u for all r € M. 5

We will proceed to make assumptions on u which ensure that the preferences are “well-
behaved” in every way, so that the conflict between equity and efficiency considerations,
which we will demonstrate in Theorem 1 below, is not seen as arising from unusual spec-
ification of preferences.

The utility function u : X — R will be assumed to satisfy,

Al. (Continuity) u is continuous on X,
A2. (Quasi-Concavity) u is quasi-concave on X, and
A3. (Monotonicity) u is monotone on X and strongly monotone on R2 , .

3.1 A Golden Rule

Formally, a golden-rule is a pair (¥,y) which solves the following problem

max u(x,y)
subjectto x+y<1 (GR)
and (x,y) 20.

It can be interpreted in the following way. Given any historically given X € [0, 1], consider
the stationary allocation (x,y) which does not waste any of the endowment. This is given
by (%o, 1 —Xp) with stationary utility of u(Xo, 1 —%y). Now, consider all economies possible
with different historically given levels of Xy € [0,1]. Pick the economy which has the
largest utility level u(Xo, 1 - Xp) among all such economies. This corresponds to the golden-
rule.

We will assume that u is such that,

Ad. There is a unique solution (&,¥) to problem (GR), and (¥,5) >> 0.

It follows, of course, from A3 and A4 that

x+y=1. (6)
Let us define the sets

A={(x,y) €[0,1]x[0,1]:u(x,y) > u(%,5)},

B={(x,y) €[0,1]x[0,1]: u(x,y) > u(%,5)}. )



It follows from the definition of a golden-rule that
x+y>1 forall (x,y) €B, (8)
and it follows from the definition of a golden-rule and A3 that
x+y>1 forall (x,y) € A. )
A useful property about the golden-rule can now be noted.
Lemma 1. Given any € >0, there is 8 > 0 such that whenever (x,y) € A(€), where
Ae) = {(x,y) €[0,1]x[0,1] u(x,y) > u(%.5) +€},

we must have
x+y>21+9 (10)

Proof. The set A(€) is non-empty (since (x,y) € A(€)), bounded and closed (by Al). The
function, h:A(€) - R, defined by h(x,y) =x+y—1 for all (x,y) € A(¢), is continuous and
positive on A(€) (by (8)). It attains a minimum on A(€). Denoting this minimum value by
9, (10) is satisfied and further we have & > 0. O

Now, let (£,7) € RZ, satisfy £+ = 1, with £ <%. Then, by (6), § > J. Let us define the

sets A
A={(x,y)€[0,1]x[0,1]:u(x,y) >u(X,¥)},

A <y (11)
B={(x,y) €[0,1]x[0,1] :u(x,y) > u(£,9) }.
Lemma 2. There exist p > q >0 such that
px+qy > pi+qy forall (x,y) €A, (12)
and
px+qy > pi+qy forall (x,y) €B. (13)

Proof. Define the set
A={(x,y) eR?: (x,y) << (£,9)}
Clearly, A and A are non-empty, convex sets in R? (by A2), and A is disjoint from A (by
A3). Thus, by a standard separation theorem we can obtain (p,q) > 0, such that (12) is
satisfied. Since (£,y) >>0, we can use Al (continuity) and A3 (strong monotonicity) to
ensure that (p,q) >> 0. Further, one can use Al to ensure that (13) is satisfied as well.
It remains to verify that p > g. By A4, we must have u(x,y) > u(%,), so by (13),

pX+qy> pi+qy
Using (6) and the fact that £+§ = 1, we obtain
p(¥-¥)>q(¥-7)

and since y >y, we must have p > gq. ]
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Figure 1: Necessary Condition for Fair Allocation

3.2 Main Result
We are now in a position to state and prove the main result on stationary preferences.

Theorem 1. (i) Suppose Xy > x. Then, there is no fair allocation.
(ii) Suppose 0 < Xo < X. Then, (x;,y;+1) defined by,

(xtayt+1) = (-)EO? 1 _)EO) for allt € M7

is a fair allocation.

Proof. (i) Suppose, on the contrary, there is a fair allocation, call it (x;,y,;,1). Since it is
envy-free, we must have u(x;,y;.) constant for all e M. Denote this constant utility level



by v. We claim that v < u(%,7). For if v > u(%,), then denoting v—u(%,¥) by €, we have
€ >0, and by Lemma 1, there is 6 > 0, such that,

X +y121+0=x+y+0 forallzeM. (14)
Noting that x; +y; < 1 for all # € N, we then obtain,
(yi+1-9) > (v —y) +0 forall z e N. (15)

But, (15) implies that (y;+] —y) — oo as t - oo, which contradicts the fact that y;, < 1 for
all r e ML. This establishes the claim.
Consider now the sequence (x;,y/, ) defined by

X}, = %o, (x},y!) = (%,5) foralleN. (16)
It is easy to check then that (x{,y7, ) is an allocation. Further,
u(x;,yi,q) =u(x,y) =v>u(x;,y41) forallzeN

and
u(xg, 1) = u(%o,5) > u(x,3) =v > u(xo,y1),
establishing that (x;,y,,) is inefficient. This contradiction establishes the result.
(ii) Clearly, (x;,y;+1) defined by
(xt7yt+1):(-f071_-f0) for allteM, (17)

is an allocation. It is also envy-free. It remains to show that it is efficient. Suppose, on the
contrary, there is an allocation (x/,y;, ;) such that,

ut(x1{7y;+l)2ut(xt7yl+l) for alltEMa (18)
with strict inequality in (18) for some ¢ € M. Then, by (12),
px;+qyr,q > pXo+q(1-%o) forallseM. (19)
Since x{, = Xo, (19) implies that,
(y1—y1) 20, (20)
and
(741 =i+1) 2 (p/q) (3 - yr) forallreN. 1)

Since there is strict inequality in (18) for some 7 € M, we must have strict inequality in (20),
orin (21) for some z =T € N. In either case, there is some s € N for which (y}—ys) > 0. Then
using (21) for all # > 5, and noting that (p/q) > 1, we have (y/,, —y41) — o0 as t — co. This
contradicts the fact that yt’ .1 S L forallzeM, and establishes the efficiency of (X, y141). O
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4 Non-Stationary Preferences

In this section we show, by an example, that there exists a set of non-stationary preferences
which admits a fair allocation for all possible histories.

We explain the logic of this example as follows. We choose the set of agents’ prefer-
ences and a feasible set in the following manner. First we enlarge the feasible allocation
set from x+y < 1 (in the stationary case) to x+2y < 2.1 In order to specify the preference
for agent 7, we carry out following thought experiment. Let there be a stationary economy
with all agents being similar to agent ¢ and the resource constraint be x+2y < 2. In this
economy, there exist golden rule allocations (not necessarily unique) for the preferences
satisfying A1-A3™. The choice of assignment for agent ¢, (%,3;,1), would then be such
that X; is the minimum young age consumption among all the young age consumptions in
the set of all golden rule allocations for agent ¢.

Thus we have a well-defined unique assignment for each agent. The set of preferences
is such that (Xo,y;) = (1,y,) where y; € (0,1), X, = 1 =y, and y,,1 € (3, 1) for all z. The al-
location further satisfies the condition that the sequence of young age consumptions, (%),
is monotone decreasing to 0 and the sequence of old age consumptions, (j;), is monotone
increasing to 1. This implies that the allocation is feasible for the history Xy = 1. This allo-
cation plays the role of a pseudo benchmark similar to the role played by the golden rule
allocation in the stationary economy. In the example, we show that this pseudo benchmark
is an envy free and efficient allocation. We further restrict the preferences such that they
become stationary over larger subset of domain x; € [0,1] as we go out in the future™.
For xg < 1, we show that there exists a fair allocation which deviates from the pseudo
benchmark allocation for only finitely many initial agents.

Example 1. Let the utility function for generation ¢ € M be

1+2

u (X y)_ (1+21+1)'(X+y) f01‘y>(2t—0.5)x,
t 9 =
x+2y otherwise.

(22)

The utility function for agent 7 € M, u,(x,y) is a piecewise linear function with kink at
ray y = (21 -0.5) x. The indifference curves have slope of —1 for y > (2 —0.5)x and -0.5
fory < (2'-0.5)x.

19The unique common point on the two equality constraints, x+y = 1 and x +2y =2 is (0,1).

"Observe that these allocations are not strictly golden rule allocations as discussed in Section 2, as the
resource constraint is different.

12For illustration, the indifference curves for agent 7 have same shape for all x; > % as the indifference
curves of agent 7 — 1 for all x,_; > 2,%1 This is useful in showing the envy free nature of the allocations for
the histories xg < 1.



We show that there exists a fair allocation for this economy for all xg € [0,1]. Since the
stationary allocation (x;",y/, )7, = (0, 1) is fair for xo = 0%, we consider x € (0, 1] only.

We divide the analysis in following two cases.

Case (a) xo = 1: Following allocation is envy free,

1 1\~
(xf,y;:rl)ijE(E,l—W)t_o. (23)
It is feasible as x; +y; = 5+ 1 - =1 forall t e N.

Letset D= {(x,y): (x,y) e R%,x+2y<2}. Observe that

(i) (x7,y,,) € D for all £ e M because x; +2y;,, = 5 +2(1 - 547) = 2.

(i) {x;,y;,,) is a sequence of optimal allocation for all agent ¢ € M over the feasible
domain D. The allocation for agent ¢ lies on x; +2-y,,1 =2 and is the point of kink on the
indifference curve, since,

* 1 1 *
Yer1 = 1_W = (2t_0'5)'§ - (2t_0'5)'xt7

which yields u, (x,y;, ) = 2.

(iii) All agents ¢t € M are indifferent to allocations of all predecessors (if any) and
strictly prefer their own allocations compared to allocations of all successors as shown
below.

We compare predecessor’ allocation first. At any predecessor’s allocation, ( %, 1-

), forr>s>1,

_1
21—s+1
* * 1 1 * *
ut(xt—sayz—s+1) = 215 +211- 2;_5_,_1 =2= ut(xt 7yt+1)a

where we have used the fact that (%, 1- 2,%) is the point of kink on the indifference curve
for agent ¢ and % < % For any successor’s allocation, (%, 1- ﬁ), fors>1,

. . 2t+2 1 1 1 +2t+s+l .
u,(xHS,stH) = (1+2t+1)(21+s +1- 2t+s+1):2'm <2=u(x; ,yH]).

Hence the allocation is envy free.
(Efficiency) If the allocation is not efficient, then, there exists a feasible Pareto - supe-
rior allocation (w.l.0.g. let agent O be better off and all other agents be at least indifferent).

B3It is the unique fair allocation for any set of diverse (which includes identical) preferences satisfying
monotonicity axiom (A3).



Thus y; = (1 - %) +g,e>0and x| = % —¢&. To ensure that agent ¢ is at least as well off as at
the envy free allocation, his allocation needs to be,

1
Xxx=—-¢ and y,1=1- +¢€.

1
ot 2t+1

For all € > 0, there exists a 7" such that ZLT 2 €> 27% Observe that the allocation for

generation 7,

XT=2—T—820 and yry1=1-—=—

is not feasible. Hence the envy free allocation is efficient. We call it global fair path.
Case (b) xp € (0,1): For all xg € (0, 1) there exists a T € N such that

T 1 T
ST+T <X0—2—T<2—T (24)
holds. We denote xy — ZLT by 0. We claim following allocation to be envy free.
0 (r+1)6 r-1
_t0 1 _ +1)o
(£, Pee1) 0 = <xo o o+ >z:o ’ (25)

('x;(-’yt:l >1:T :

Agent T and all succeeding generations get same allocation as in case (a) and the preceding
generations’ allocation lie on the straight line £; + ;.1 = 1 + % It is feasible as X; = xo — % <
L,

t+1)-6 T-1+1)-0

1 1
1—X()+)C()—2—T = 1—2—T<1,

yt+1

and £+ =xo- 2+ 1-xp+ 22 =1.

We divide the set of agents in two subsets.

(i) Generation s > T: As observed earlier, generation 7 as well as all its’ succes-
sors get the same allocation as in case (a). Generation s strictly prefers own allocation
compared to any of it’s successors’ allocation as shown in (a).

Further, their predecessors’ allocation can be further subdivided in two groups.

(A) Some of the predecessors (namely, generations 7',---,s — 1) of generation s get allo-
cation as in (a). Generation s is indifferent to allocations of these predecessors as shown,
again, in (a).



(B) The remaining (generations 0,---,7 — 1) predecessors of agent s get allocations
given by Eq. (P3). Agent s strictly prefer own allocation to the allocations of these
predecessors as shown below.

A R R s+2
us(Xe, $r41) = X +2-911 = 2—Xo+T-9
T-1+2 0
<2-xp+—"%.9 = 2-x+0+
1 1 T
=2-—=+—= <2-—=+
2T T 2T T.2T

=2 = (x5, y5,)-

Hence agent s does not envy any other agent’s allocation.
(ii) Generation s € {0,---,T — 1}: Note that for all s, the allocation is such that y,; >
(25-0.5)%, as shown below. First, £; < x}, for,

Lo 501 T-1
XS—XS—i—X()-FT/F—xO%— T 9,
1 L0 0 1 1 6 1 9>0
=—7 — X _— Y — Y —— - — = —— — —
oT-1 0TV ToT 1 T T T 77

where the last strict inequality follows from Eq (4) and as a consequence of x} +y} =
£5+ s, we get Ygi1 2 y5,, forall 0<s<T~1. Then

1 1

T s+l

A * *
Ys+1 S Y+l S Vsl _
*

AR =25-0.5.
X X X3

1
75

Successors of generation s can be divided in two groups.
(C) Generation T,T +1,--- who get allocation on the global fair path. Generation s
weakly prefers own allocation compared to allocation of these generations as shown below.

. 2s+2 2s+2 . .
ts (£, Pss1) = us (6, 3701) = | 15wt ‘(xs+ys+1)—(m)'(xt +Yi41)
2s+2 0 1
"\ '(“7‘1‘2r+1)
25+2 (1 T 1 )
>|l— = =] >
1+2s+1 T 2T+1 2t+1 )

the last weak inequality follows from the fact thats > T'.



(D) Generation s+ 1,---,T — 1 whose allocation lie on the same straight line X; + ;. =
1 +% as generation s. Since J;,1 > (2°-0.5) - % for all such successors,

2s5+2 2s+2
us(Ls, Fsv1) —uus(Xr, $r41) = (W) (£ +Is41) - (W) (% +9r41)

_ (2s_+2).(1+9_1_9) 0
1 +2s+1 T T
Thus generation s either weakly prefers (or is indifferent between) own consumption bun-
dle to the allocation of all his successors.

Observe that initial old agent has no predecessor. Predecessors of other agents s > 1
can be divided in two classes.

(E) Generations ¢ for whom ;.1 > (2*-0.5)-% holds. This case is similar to (D)
above. Agent s is indifferent with their allocation as they all lie on the same indifference
curve giving utility % (1+ % (xo - 2lT))

(F) Generations ¢ for whom J;,1 < (25-0.5)-% holds. Since y;,1 > (2°-0.5) %,
us(Ls, Ps41) is % (1+ %) The allocation for agent ¢, (£, 5.1) is (£5+ 7 -0, P01 — -
0).

Then,

o o 2s+2 ) ) ) )
Ms(xs»ys+1)_us(xt>yt+l) = (1+2s+1)'(xs+ys+l)_(xl+2'YI+l)

2s+2 0 0 A
oo -(1+T)—(l+?+y,+1)

25+1_1 0
“(gerey) (1) -

s+l _q R 2 R

2t -1 2 V1
“\ 27T+ 'xt'(l_(zs+1 —1)' £ ) >0,
where in the last strict inequality, we have used the fact that y;—*tl < (25-0.5). Thus agent s
strictly prefers own consumption bundle compared to assignment of all such predecessors.

Hence, in all cases, agent s weakly prefers his own allocation to all others’ allocation.

The allocation in Eq. (Z3) is therefore envy free.
The efficiency of this allocation follows from the fact that it is on global fair path for
generations s > T and there is no wastage of resources in the allocations for the first 7 — 1

generations.



S Stationary OLG Economy with agents alive for three
periods

In this section we consider overlapping generations economy with each agent living for
three periods, young, working and retired. In this case, the consumption bundle of agents
will be denoted by (x;,ys+1,2:+2) Where x;, ;41 and z;,, are young age, working age and
retired age consumptions for agent ¢, respectively. The set of consumption bundles will
now be X =R3.

In period two, agent 2 is born, agent 1 is working and agent O is retired. This ensures
overlap among all three generations of agents in each period. A history for this economy
would consist of three scalars, namely {xo,y; }, the young and working age consumption
of initial retired agent and x, the young age consumption of initial working agent.

An allocation is a sequence (X;,yi11,2:+2) = (X1, Vr+1,2142) 55, satisfying,

(%, Ye+1,242) = 0 forallreM,
X+ Ve T2 < 1 forallz>1, (26)
Xo=Xo, y1=y1 and xj=Xx].

o

An allocation (x,y;+1,21+2)%, 18 stationary if,

(xta)’t+172t+2) = (xt+17yt+23Zt+3) for all # € M. (27)

Observe that for a stationary allocation to exist, we need Xy = Xi.
We continue to assume that the preferences of agents are nicely behaved, in the sense
that they are represented by a utility function u : X — R which satisfies A1, A2 and A3.

5.1 Golden Rule

As in the case of two period OLG economy, a golden-rule is a triple (¥,y,Z) which solves
the following problem

max u(x,y,2)
subjectto x+y+z<1 (GRI)
and (x,,2) 20.

In words, for any historically given %y = %y € [0, 1] and y; € [0, 1 - X ], consider the station-
ary allocation (x,y,z) which does not waste any endowment. This is given by (X, v, 1 -
Xo—y1) with stationary utility of u(%o,y,1—-Xo—y1). Now, consider all economies possi-
ble with different historically given levels of Xy = Xy € [0,1] and yy € [0,1 —Xp]. Pick the
economy which has the largest utility level u(Xo,y;, 1 —%o—y;) among all such economies.
This corresponds to the golden-rule.



We will again assume that u is such that,
AS5. There is a unique solution (¥,,7) to problem (GR1), and (%,y,Z) >> 0.
It follows, of course, from A3 and AS that

x+y+z=1. (28)
Let us define the sets

C={(x,y,2) €[0,1]x[0,1]x[0,1] : u(x,y,2) > u(X,9),Z}, (29)
D={(x,y,2) €[0,1]x[0,1]x[0,1] : u(x,y,z) > u(%,7,7)}.

It follows from the definition of a golden-rule that

x+y+z>1 forall (x,y,z) €D, (30)
and it follows from the definition of a golden-rule and A3 that

x+y+z>1 forall (x,y,z) €C. (31)

Following lemma is equivalent to the Lemma 1 for two periods living agents economy.
We skip the proof.

Lemma 3. Given any € >0, there is 8 > 0 such that whenever (x,y,z) € C(€), where
C(e) = {(x.3,2) €[0,1] [0, 1]x[0, 1] - u(x,,2) > u(%,3,2) + €},

we must have
X+y+z21+9 (32)

Proof. Omitted. ]

5.2 Sufficient conditions for no fair allocation
5.2.1 No envy free allocation

Lemma 4. Suppose {Xy,¥)} are such that u(xo,y1,0) > u(x,5,7) holds. Then, there is no
fair allocation.

Proof. For an allocation to be envy-free, we must have u(x;,y;11,2+2) constant for all
t € M. Denote this constant utility level by v. We claim that v <u(x,,Z). Forif v>u(x,3,7),
then denoting v—u(%,7,Z) by €, we have € >0, and by Lemma 3, there is 8 > 0, such that,

X+ Vi1 +z22 1+40=x+y+Z7+0dforall teM.



Noting that x; +y; +z; < 1 for all > 2, we then obtain,

2-Z2(X-X)+(J-71)+0
3-22(x-%)+(22-2)+9

42 =22 (Xz+1 —Xt) + (Zt+1 _Z) +9.

This gives
Z42 =22 (X=Xo) + (X41 —%1) + (Y-y1) +(t+1)-0 (33)
But, this implies that (z;,7 —Z) — oo as t > oo, which contradicts the fact that z;,5 < 1 for

all t € M. This establishes the claim.
Then, u(%o,¥1,22) > u(Xo,y1,0) > v is a contradiction.

5.2.2 No envy free allocation is fair

We are now in a position to state a sufficient condition for the parameter values for which
there does not exist any fair allocation in the stationary case.

Proposition 1. Suppose {X,y1,%1} are such that for some natural number, 1 <T < oo
following conditions hold:

There exist {%, 9,2} >0, &+, +% <1 forall t <T; {$7+1,%7+1} >0 and Y71 +2741 <
v+, such that

{u(f(),yl,22),u(f],_)’;z,fj’)"',M(XT,_)//\T_;_I,Z)}>{U(X,_)_7,Z),"',M(X,}_),Z)} (34)
holds. Then, there is no fair allocation.

Proof. Suppose, on the contrary, there is a fair allocation, call it (x;,y;+1,2:42). Since it is
envy-free, we must have u(x;,y;+1,2:+2) constant for all 7 € M. Denote this constant utility
level by v. In Proposition 1, we have shown that v < u(x,7,7).

Consider now the sequence (x7,y;, |,7;,,) defined by

/ = / = / =
Xo =X0,X1 =X1,Y1 = )1
VAN A | A A A
(x1,¥i,21) = (%, 9¢,2), forall 1 <1 < T

(XT11:Y74152741) = (F,37+1,2741); and
(x),y1,20) = (£,7,Z) forallt>T +2.



/

!.,) is an allocation. Further,

It is easy to check then that (x/,y], |,z
u(xg,y;+1,z;+2) = M(f,)_/,Z) =V 2 u(xtayt+lazl+2) fOI' allt 2 T+2

and

(u(xg)?y;’Z/Z)?m’u(x’TH7y’T+27Z’T+3)) > (u(f,y,f),---,u(f,y,f)) = (V,"',V).

establishing that (x;,y,+1,2:42) is inefficient. This contradiction establishes the result. [
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