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5D Moog Ladder Structured Digital Filter: Minimal
State-Space Realization
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Abstract—This paper outlines the minimal circuit and state—
space realization for a five-dimensional (SD) ladder digital filter
having the one-dimensional (1D) Moog structure and character-
istics. The number of delay units and the state vector in the
state—space realization are both minimal. Furthermore, in this
work two first—order examples demonstrate the filter’s internal
structures by using simple state—space models. The first example
employs a 5D circuit implementation, whereas the second is a
two—dimensional (2D) filter. It is clear that the results present
the minimal state-space realizations, as well as their transfer
functions, which correspond to the derived generalized 5D Moog
transfer function.

Index Terms—Multidimensional systems, Moog filter, 5D filter,
ladder structure, transfer function, minimal realization, circuit
implementation, state-space.

I. INTRODUCTION

In the 1960’s after the introduction of the renowned filter by
R. A. Moog (1934-2005), it was effectively implemented in
musical instruments, including filters, mixers, and controlled
modular synthesizers. New musical sounds were generated
as a result of the synthesizer’s invention, which provided
an extraordinary boost to the music industry. An evident
feature of the block diagram structure of the Moog filter is
the operation of two negative feedback loops. Both loops
incorporate the delay unit of the filter structure [1], [2].

The presented work employs a cascade structure to expand
the one—dimensional (1D) ladder Moor filter to a discrete five—
dimensional (5D) setting. A minimal state—space realization
for the 5D digital filter structure is derived using a cyclic 5D
state—space model using the minimum circuit realization. The
minimal nature of the realization is a highly essential factor
in higher—dimensional filters or systems since the fundamental
theorem of algebra is not valid [3]. So, minimal state—space
realizations with the same size as the number of delay units
are, at least in theory, appealing. This is because non—minimal
implementations could cause design issues while making hard-
ware more complicated.

Until today the present day, minimal state—space realizations
for 5D filters and systems have been proposed for infinite
impulse response (IIR) filters, all-pole lattice, as well as for
conventional lattice finite impulse response (FIR) digital filters
(4], [5].

The investigation of high—dimensional filters and systems
is characterized by several idiosyncrasies, stemming not only
from the absence of the fundamental algebra theorem [3],
but also from the immense computational demands associated
with all stages of the investigation, which is beyond human
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Fig. 1: Single—section 1D Moog ladder structured digital filter

capabilities. Therefore, each research endeavor that yields a
valuable outcome in this area of study significantly enhances
the comprehension of the behavior of these systems.

The remaining manuscript is structured as follows: In sec-
tion II, 1D Moog ladder digital filter is outlined, and in section
III, the 5D state—space model realization is given. In section
IV, the 5D Moog ladder structured digital filter is presented.
Section V, discusses first—order five—dimensional and two—
dimensional illustrated examples. The conclusion is provided
in section VL.

II. 1D MOOG LADDER DIGITAL FILTER

The first-order one—dimensional (1D) ladder digital filter
of Moog type, as depicted in Fig. 1, can mathematically
be described by the following set of state—space and output
equations:

z(i+1) = u(i) — Ax(i) — Az(d), (1)
y(i) = x(i), 2)

where, u(i) is the input, y(i) is the output. z~! is a time
delay—unit. A, and X are feedback coefficients.
Utilizing the 1D z-transform, the associated transfer func-

tion for the aforementioned state—space system (1), (2) is:

Y(2) 1 3)
U)  A+(A+2) (

Additionally, the preceding 1D Moog ladder filter, Fig. 1,
will be expanded to 5D in the subsequent section. Also, the
generalized state—space model and its transfer function will be
derived from the expanded 5D circuit realization.
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Fig. 2: Generalized 5D Moog ladder digital filter

ITII. 5D STATE—-SPACE MODEL REALIZATION

The cyclic 5D state—space model used, is expressed by the
following set of equations [6], [7]:

(i1, ,i5) Ax(iy, -+ ,i5) + bu(i, - ,i5) 4)
y(iv, -+ ,i5) = ,i5) @)

The dimensions of the 3 matrices {([A], [b], [c'])}, and the
scalar d of the aforementioned state—space model (4), (5), that

c'x(ig, -

describe the digital filter, are: [A] — (5n % 5n), [b] — (5n x
1), [¢'] = (1 x 5n).
The vectors X (i1, ,i5), X(i1, - ,i5), (4) and (5), of the

5D model have the following structures:

[ x‘fl(il, < yis) ]
l‘tliZ(il, . ,25)
x:ljd(ilv a7'5)
l‘14(i1, ’ ’15)
I'Llis(ih o 315)
x(i1, - ,i5) = N (6)
( ) xg;z(il’ o 7i5)
w82 (in, - ,i5)
ngz@l’ 7i5)
ngz(il’ 7i5)
L :L‘5fl(i1, 7i5) |
[ 2 (iy + 1,49, i)
fo(zl,iz—Fl )
1'611‘5(’&1,22,7,34-1 14,25)
a4 (i, - yis, s+ 1,i5)
xf5(11,~~~ 14,z5+1)
X(ir, 0 ,i5) = e LoD
x5n(11 + 1,09, ,i5)

& (in,ig + 1, i5)
n(zl,m,zg—i—l iq,15)
fl(ll, . 713,Z4+1,Z5>

L :L‘5n(21,--- 7i477;5+1) J

The transfer function is obtained by performing the 5D z—
transform directly on (4), (5).

Tr(z1,--+ ,25) = c'[2 — A]7'D, (8)

where, Z = 211, ® z91,, @ 231, & 241, P z51,,, - -
with & denoting the direct sum.

Using the 5D ladder Moog structured digital filter with
minimal delay—units, the corresponding 5D cyclic state—space
realization with minimal dimension is derived below.

) @ ZSIn9

IV. 5D MOOG LADDER STRUCTURED DIGITAL FILTER

Figure 2, shows the generalized 5D circuit implementation,
in block diagram formulation, of a 1D Moog ladder structured
digital filter as given in [1], [2]. The circuit implementation
includes (5n + 1) multipliers and adders, in addition to (5n)
delay units. Using the generalized circuit implementation (Fig.
2), the mathematical formulation of the SD state—space model
{([A]; [b]; [¢'];d)} is derived. The state-space equations for
the 5D model {([A];[b];[c'];d)} may be obtained by the
following algorithmic steps: “Label the delay—unit outputs (in
Figs. 2 and 3) to identify all the states of the circuit. By
examination, generate a state equation for every delay—unit,
following the circuit theory analysis. Organize the equations
such that every block comprises all of the available state
variables. Expand the findings”, as was stipulated in [4], [5].

As a result, the matrices that represent the obtained
5D structured state—space model (4), (5) have dimensions:
{([A]; [b];[¢/];d)}, the dimensions are: [A] — (5n x
5n), [b] — (5nx1), [¢'] — (1x5n), and finally are presented
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Fig. 3: 5D Moog ladder structured digital filter
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in 5DgM (top, next page). Note that the order of the filter is
closely proportional to the dimension of the model.

Using the 5D state—space equations (4), (5) with (8) and
the state—space matrices 5DgM, the generalized 5D transfer
function is:

1
— )

A+ A+ 2)

i=1

Tspg) (21, 5 25) =

Two first—order examples which illustrate the filter, are one
in five dimensions and the other in two, and will be shown in
the section that follows.

V. EXAMPLES

A. 5D, First-order Moog ladder digital filter

The state—space formulation in 5D, related with the output
y(i1,- -+ ,i5) of the first-order 5D circuit implementation
depicted in Fig. 3, can be expressed as follows [6], [7]:

k(ilf" aiS) - Ax(ilf" a25)+bu(zla 7i5)7 (]O)
y(ilv"' aiS) = C/X(ila"' 72.5)7 (11)
where,
I é(hw- ,i5)
2% (i1, -+, is5)
x(ila"' 72.5) = xf3(117"'7i5) 9
a4 iy, - is)
L ffcli“’(%h' -, i5)
[ 1.(111 (7'1 +]- 2272377’477’5)
2> (i1, 02 + 1,43, 14, i)
k(ila"' aiS) = 1’6113(7,1,22,23+1 Z4a 5) )
x‘li4(21,22,23,z4 +1,i5)
L 93‘115 (i1,192,13,14,15 + 1)
and,
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-A; 0 0 0 —A 1

1 —-Ay 0 0 0 0
A = 0 1 -As; 0 0 |,b=]0

0 0 1 -Ay 0 0

0 0 0 1 —As 0
d =1 0 0 0 0 1.

The matrices {([A]; [b]; [c/];d)} of the above model (10),
(11) have dimensions: [A] — (5 x 5),[b] — (5 x 1),[c'] —
(1 x5).

Utilizing the 5D z—transform (8) on equations (10) and
(11), the corresponding transfer function in five dimensions
Tspay(z1,--- , 25) takes the form.

1

25) = —— (12)

i=1
B. 2D, First—order Moog ladder digital filter
The state—space formulation in 2D, related with the output

y(i1,12) of the first-order 2D circuit implementation depicted
in Fig. 4, can be expressed as follows [6], [7]:

T5D(1)(Zlo T

).((’L'l,ig) AX(Z'l,?:2) —|—bu(i1,i2),

y(in,i2) = ¢'x(i1,i2),

13)
(14)

where,
h
e 27 (in + 1, d2)
X(Za]) - |: 9611’(21,22 +1)
alf (i1, o)
2y (ir,iz) |
The following are the resulting state matrix (A), the input
vector (b), the output vector (c’):

X(i?j) =

f- [ 2l
¢ =] 0o 1]

The matrices {([A]; [b]; [c'])} of the above model (13), (14)
have dimensions: [A] — (2x2), [b] — (2x1),[c'] — (1x2).
The dimension of the state matrix A is minimal (2 x 2).

Utilizing the 2D z—transform on equations (13) and (14)
yields,

Top(z1,22) = ¢'[Z — A] 7', (15)

where, Z = diag(z1, z2). The related transfer function in 2D
Typ(1y(21, 22) takes the following form.

1
Topy (21, 22) = 5

A+ A+ 2)

i=1

(16)

U(il, 22)

y(il7 22)
&—O
Fig. 4: 2D Moog ladder structured digital filter

The above, (16), can be represented analytically as:

Topay(z1,22) = 1/[z122 + 2182 + 2041 + (A1 A2 + N)].

The new findings obtained in this work, which pertain to
five dimensions, can simply be applied to lower dimensions
as well. For example using z; = 2o = z, the above first-order
2D transfer function can represent a second—order 1D Moog
ladder transfer function as follows:

= 1/[(* + 2(A1 + Ay)
VI. CONCLUSION

TlD(2)(Z) + (AlAQ + )\)}

In this work, a 5D Moog ladder structured digital filter
was introduced, featuring minimal circuit and state—space
realizations. It is acknowledged that the conventional 1D
Moog filter is essential in the music industry. The 1D Moog’s
filter was extended to 5D, and the resulting novel realizations
and their transfer functions were provided. Furthermore, the
internal characteristics of the filter were demonstrated through
the use of two examples. The first example employed a 5D
circuit implementation, while the subsequent example was a
2D digital filter. Also, the transfer functions were included as
well as the generalized state—space realization.
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